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Abstract

In this work we study and analyze different methods to numerically solve Lya-
punov equations. We state and prove several structural properties for this equa-
tion, and then we look for numerical methods that exploit these properties and for
which also the numerical solution preserves such properties. For this reason, we
focus our study on the so called projection methods, for which we give a bound of
convergence of the numerical solution found by these methods, for different spaces
of projection. Besides, we apply such methods to a particular case of Lyapunov
equation, which is obtained by using an appropriate finite elements discretization
of the two dimensional Poisson equation. Moreover, we extend and discuss, in
the context of iterative methods for the numerical solution of a matrix equations,
a well known property on the norm of the total error due to the finite element
discretization and the projection method used to obtain the numerical solution.





Sommario

In questo elaborato studiamo metodi risolutivi per equazioni di Lyapunov. In
particolare, per tale equazione introduciamo e proviamo proprietà strutturali, e
cerchiamo metodi numerici che riescano ad utilizzare tali proprietà, e che restituis-
cano soluzioni che mantengano tali proprietà, e siano in questo modo interpretabili.
Per tale motivo, concentreremo il nostro studio sui metodi proiettivi, e daremo una
stima di convergenza della soluzione numerica ottenuta utilizzando tali metodi
per vari spazi di proiezione. Inoltre, applichiamo tali risultati ad una particolare
equazione di Lyapunov, ottenuta discretizzando mediante elementi finiti, fissando
gli appropriati elementi, chiamata equazione di Poisson bidimensionale. Infine, es-
tendiamo e discutiamo nel contesto dei metodi iterativi per la soluzione numerica
delle equazioni matriciali una nota proprietà riguardante la norma dell’errore to-
tale commesso discretizzando il problema e risolvendolo numericamente mediante
metodi proiettivi.
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Introduction

In the first chapter of the thesis we introduce various preliminary results and
concept that turns out to be useful for the rest of the work.

In the second chapter we develop an analytical study of the Poisson equation;
in particular we recover the weak form of the problem, and then we introduce a
new test set in which we study this problem.

In the third chapter we introduce a finite-dimensional test set, and we introduce
the concept of Galerkin solution. Then, we fix a particular basis of the finite-
dimensional test set, and we use this basis to derive a Lyapunov equation related
to the problem.

In the forth chapter we analyze different properties related to the solution of
the Lyapunov equations. Some of properties turns out to be very useful also in the
following of this work, as they suggest that use of certain methods, that catches
these properties.

In the fifth chapter we introduce different methods to numerically solve the
Lyapunov equation. In particular, we introduce the Bartels-Steward algorithm
for the small scale setting, and we focus on projection method for the large scale
setting. For the last method we study different spaces of projection, and for each
of them we estimate the rate of convergence of the approximate solution.

In the sixth chapter we extend in the matrix setting a property related to the
error of the solution the Poisson equation, then we give another point of view of
the result and we numerically validate the result.





Chapter 1

Preliminaries

In this chapter we recall some preliminary results and concepts that we use in
the following chapters. We start with two basic definitions to introduce Sobolev
spaces.

Definition 1.1. Let Ω ∈ Rn, let α ∈ Nn and let ϕ ∈ C∞
0 (Ω). We define the α

partial derivative of ϕ as

Dαϕ :=
∂α1 . . . ∂αn

∂x1 . . . ∂xn
ϕ.

Moreover, we define the weight of α as

|α| =
n∑
i=1

αi

Definition 1.2. Let Ω ∈ Rn, and let α ∈ Nn. A function v : Ω → R is weakly
differentiable with α-weak partial derivative u = Dαv if for all ϕ ∈ C∞

0 (Ω) it holds
that: ˆ

Ω

vDαϕ dw = (−1)|α|
ˆ
Ω

uϕ dw

Definition 1.3 (Sobolev spaces). For any p ∈ Z+, we define the Sobolev spaces
as:

Hp(Ω) := {v ∈ L2(Ω) : Dαv ∈ L2(Ω), |α| ≤ p}
These spaces can be equipped with the following norms:

||v||2Hp(Ω) :=
∑
|α|≤p

||Dαu||2L2(Ω), ||Dαu||2L2(Ω) =

ˆ
Ω

|Dαu|2 dw

Indeed, the L2-norm is just a semi-norm, as for u = 0 almost everywhere with
respect to the Lebesgue measure it holds that

∥u∥L2 = 0.

xiii
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As a consequence, we can’t control the behaviour of an L2 function in a zero
Lebesgue measure set, such as the boundary. For this reason, we define the com-
pactly supported Sobolev spaces Hp

0 as the closure of C∞
0 with respect to the

Sobolev norms

Hp
0 (Ω) := C∞

0 (Ω)
||·||Hp(Ω)

.

Besides, we define H−p as the topological dual of Hp
0 ,

H−p(Ω) := (Hp
0 (Ω))

′.

As a consequence, it is a space of distributions. Moreover, it is crucial to observe
that the spaces H−p inherit the topology of Hp. We recall from [1] a crucial
property of the Sobolev spaces. This property regards the structure of the spaces
in terms of their geometry.

Proposition 1.4. The normed spaces Hp(Ω), Hp
0 (Ω) are Hilbert spaces.

In the work we heavily use the Divergence Theorem, which is the following
classical result.

Definition 1.5 (Divergence). Let Ω ⊆ Rn, let F : Ω → Rn, F ∈ C1(Ω). We
define the divergence of F as:

div(F ) := ∇ · F =
∑
i=1n

∂Fi
∂xi

Theorem 1.6 (Divergence Theorem). Let Ω ⊆ Rn, let F : Ω → Rn, F ∈ C1(Ω).
It holds that ˆ

Ω

div(F )(ω) dω =

ˆ
∂Ω+

F (x) · ν dH1(x)

Where ∂Ω+ is the positively oriented boundary, while ν is the outward pointing
unit normal vector to ∂Ω+,

We introduce the definitions of convolution ad mollifiers.

Definition 1.7. (Convolution) Let f, g ∈ L1(Rn). We define the convolution of f
and g as the function

(f ∗ g)(x) =
ˆ
Rn

f(y)g(x− y) dy =

ˆ
Rn

f(x− y)g(y) dy

Definition 1.8. (Mollifier) We define a mollifier as a function ϕϵ : Rn → R which
satisfies the following properties:

i. ϕϵ ∈ C∞(Rn),

ii. supp(ϕϵ) ⊆ Bϵ(0),
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iii. (ϕϵ) ≥ 0,

iv.

ˆ
Rn

ϕϵ(x) dx = 1.

In the following we give a classical example of a mollifier.

Example 1.1. The following function ϕϵ : Rn → R is a mollifier.

ϕ̃ϵ(x) =

{
e

1

∥x
ϵ ∥

2−1 if ∥x∥ < 1

0 if ∥x∥ ≥ 1
, ϕϵ = cϵϕ̃ϵ.

Where the constant cϵ is such that the condition iv. is satisfied.

We recall a classical result from [10], called Friedrichs’ Lemma.

Lemma 1.9 (Friedrichs). Let ϕϵ ∈ C∞
0 (Rn) be a mollifier, and define the functions

uϵ := u ∗ ϕϵ, fϵ := f ∗ ϕϵ. If u ∈ L2
loc(Rn), we have that, for all K ⊆ Rn compact

set

−∆uϵ − fϵ
L2(K)−−−→
ϵ→0

0

In the following we use the Kronecker product in different contexts.

Definition 1.10 (Kronecker product). Let A ∈ Rn1×n2 , B ∈ Rm1×m2 . We define
the operator ⊗ : Rn1×n2 × Rm1×m1 → Rn1m1×n2m2 as follows:

A⊗B =

 a1,1B · · · a1,n2B
...

. . .
...

an1,1B · · · an1,n2B

 ∈ Rn1m1×n2m2 .

In the following, we state some useful properties of the Kronecker product.

Proposition 1.11. Let all the algebraic operations stated in the following proper-
ties be well posed. The followings hold.

i. A⊗ (B+C) = A⊗B+A⊗C,

ii. (A+B)⊗C = A⊗C+B⊗C,

iii. (kA)⊗B = k(A⊗B) = A⊗ (kB),

iv. (A⊗B)⊗C = A⊗ (B⊗C),

v. (A⊗B)(C⊗D) = (AC)⊗ (BD),

vi. (A⊗B)T = (AT ⊗BT ),

vii. (A⊗B)−1 = (A−1 ⊗B−1).
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Definition 1.12. Let X = [x1, ..., xm] ∈ Rn×m. We define the operator vec :
Rn×m → Rnm as follows:

vec(X) = vec[x1, ..., xm] =

x1...
xm

 .
By using these operators, we can transform the matrix-matrix operations AX+

XA, for A,X ∈ Rn×n and AXB+BXA for A ∈ Rn×n, B ∈ Rm×m and X ∈ Rn×m

into matrix-vector operations, as follows:

vec(AX+XA) = (I⊗A+AT ⊗ I)vec(X) (1.1)

vec(AXB+BXA) = (BT ⊗A+AT ⊗B)vec(X) (1.2)

In the following theorem, we characterize the spectrum of the matrix (I⊗A+
AT ⊗ I).

Theorem 1.13. Let A ∈ Rn×n, and let {(vi, λi)}i=1,...,n be a basis of eigenpairs of
A. It holds that {(λi+λj, vi⊗vj)}i,j=1,...,n is a basis of eigenpairs of A⊗I+I⊗A.

Proof. By applying the vector vi ⊗ vj to the matrix A⊗ I+ I⊗A, we obtain

(A⊗ I+ I⊗A)(vi ⊗ vj)

=(A⊗ I)(vi ⊗ vj) + (I⊗A)(vi ⊗ vj)

=(Avi ⊗ Ivj) + (Ivi ⊗Avj)

=(λi + λj)(vi ⊗ vj)

The next theorem is a crucial result for our work.

Theorem 1.14. Let A ∈ Rn×n be a matrix such that if λ is an eigenvalue of A,
then −λ is not an eigenvalue of A. For each C ∈ Rn×n, there exists a unique
matrix X ∈ Rn×n satisfying the following equation

AX+XAT = C (1.3)

Proof. By taking the operator vec to equation (1.3), we obtain the equivalent linear
system

(I⊗A+A⊗ I)vec(X) = vec(C) (1.4)

As a consequence of Theorem, 1.13, if the matrixA satisfies the eigenvalue hypoth-
esis, then the matrix (I⊗A+A⊗ I) is invertible. Hence, for each C ∈ Rn×n there
exists a unique solution vec(X) of equation (1.4). By taking the unique square
matrix X ∈ Rn×n obtained by inverting the operator vec in dimensions n × n we
obtain the result.
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A particular case when the eigenvalue hypothesis holds is when the matrix A
is symmetric positive definite.

In the thesis, we also use the concept of spectral interval of a matrix A, whose
eigevalues are real. It is defined as follows.

Definition 1.15 (Spectral interval). Let A ∈ Rn×n be a matrix with real eigen-
values. We define the spectral interval of A as the interval [λmin(A), λmax(A)].

Definition 1.15 can be generalized as follows.

Definition 1.16 (Field of values). Let A ∈ Rn×n. We define the field of values of
A as the set of all Rayleigh quotients, that is:

W (A) := {x∗Ax, x ∈ Cn, ∥x∥ = 1}

This generalization leads us to generalize several statements of the thesis when
the involved matrices do not have real eigenvalues, by working with the set W (A)
instead of the set [λmin(A), λmax(A)].

In the following we use the first Gerschgorin Theorem.

Theorem 1.17 (First Gerschgorin Theorem). Let A ∈ Rn×n. The eigenvalues of
A are contained in the set

n⋃
i=1

Ki, Ki = {z ∈ C, |z − ai,i| ≤
n∑

j=1, j ̸=i

|ai,j|}

A fundamental concept we use in the thesis is the so called Krylov space.

Definition 1.18 (Krylov space). Let A ∈ Rn×n, and c ∈ Rn. We define the k-th
Krylov space of A and c as

Kk(A, c) := span{c,Ac, . . . ,Ak−1c}.
Definition 1.19 (Block Krylov space). Let A ∈ Rn×n, and let C ∈ Rn×p be a tall
matrix. We define the k-th Block Krylov space of A and C as

K□
k (A,C) := blkspan{C,AC, . . . ,Ak−1C}.

In the work we need the so called modified Gram-Schmidt algorithm. Given a
matrix Uk ∈ Rn×n, Uk = [u1, . . . , uk], such that the columns of Uk are linearly
independents, the modified Gram-Schmidt algorithm generates a matrix with or-
thonormal columns Vk such that Range(Vk) = Range(Uk), as follows.

As first column we take v1 =
u1

∥u1∥ . Then we take

v̂2 = u2 − v1v
T
1 u2,

and we take v2 =
v̂2

∥v̂2∥ . Indeed, we have by construction that v2 is normalized, and

that
vT2 v1 = uT2 v1 − uT2 v1v

T
1 v1 = 0.
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By induction in j, that is, by supposing that Vj−1 is orthonormal, we take the
j-th column of Vk as

v̂j = uj −Vj−1V
T
j−1uj,

and we take

vj =
v̂j
∥v̂j∥

.

Hence we have

vTj Vj−1 = uTj Vj−1 − uTj Vj−1V
T
j−1Vj−1 = 0.

In the implementation, to improve the stability of the algorithm, the orthogo-
nalization step is done vector by vector, as follows. For i = 1, . . . , j − 1, we set
hi,j−1 = vTi uj; Then, we update the vector v̂j = v̂j − hi,j−1vi.

Algorithm 1: Modified Gram-Schmidt

Data: Uk ∈ Rn×k

Result: vk ∈ Rn×k with orthonormal columns, such that Range(Vk) = Range(Uk)
1 Set v1 = u1

∥u1∥ ; V0 = ∅;
For j = 2, . . . , k
2 Set Vj−1 = [Vj−2, vj−1];
For i = 1, . . . , j − 1,
3 Set hi,j−1 = vTi uj ;
4 Update the vector v̂j = v̂j − hi,j−1vi
End For

5 Set vj =
v̂j

∥v̂j∥ .

End For
6 Set Vk = [Vk−1, vk].

This algorithm can be also extended in block case.
In some results, we use the Frobenius norm of a matrix. It is defined as follows.

Definition 1.20 (Frobenius norm). Let A ∈ Rn×m. We define the Frobenius
norm of A as the quantity

∥A∥F =

√
(
∑
i,j

a2ij)

In the thesis, we use the existence of a Riemann mapping for certain sets, which
is stated in the following theorem.

Theorem 1.21 (Riemann Mapping). Let E ̸= {p ∈ C} be a compact set, whose
complement K = C− E is simply connected in C. Let D := {w ∈ C : |w| ≤ 1} be
the unit disk. There exists a unique conformal bijection, called Riemann map of
E, ϕ : C− E → C−D, with ϕ(∞) = ∞ and ϕ′(∞) > 0.
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Thanks to Theorem 1.21, we are able to define Faber polynomials. We also
introduce Chebychev polynomials, which coincide with Faber polynomials in the
real case.

Definition 1.22 (Chebychev polynomials of the first kind). We define the Cheby-
chev polynomials of the first kind as Tk such that Tk(t) = cos(k cos−1(t)), for
|t| ≤ 1, and Tk(t) = cosh(k cosh−1(t)), for |t| ≥ 1.

It can be proven that Tk are real polynomials of degree k.

Definition 1.23 (Faber polynomials). Let E ̸= {p} be a compact set, whose
complement K = C−E is simply connected in C, and let ϕ be the Riemann map
of E. The k-th Faber polynomial Φk(z) is defined as the polynomial part of the
Laurent series of ϕ(z)k at infinity.

These polynomials are important in error theory, for several reasons. In first
place, we recall the following result, stated in [9], which provides a decomposition
of an analytic function through Faber’s polynomials.

Theorem 1.24. Let K be the closure of a simply connected domain G, bounded
by a rectifiable Jordan curve Γ. Given an analytic function f in G, it is uniquely
represented by Faber polynomials, that is:

f(z) =
∞∑
j=0

ajΦj(z), aj =
1

2πi

ˆ
Γ

f(ξ)ϕ′(ξ)

ϕj+1(ξ)
dξ

Moreover, Faber polynomials satisfy the following minimization property, as
proved in [31].

Theorem 1.25. Let {p} ̸= E ⊂ C be a compact set. The k-th degree Faber
polynomial Φk is the unique monic polynomial of degree k which satisfies

min
Pk∈Pk

∥Pk∥∞

where Pk is the set of degree k monic polynomials in E.

As a consequence, Faber polynomials are an extension of Chebychev polynomi-
als. Indeed, by recalling [22], the lasts satisfies the same property for E := [−1, 1];
and since the minimizator is unique, the two polynomials coincide in this case.
Moreover, it can be shown that given a real interval E = [a, b], the minimiza-
tor is the properly scaled and shifted Chebychev polynomial. We highlight that
this property of the Faber polynomials allows us to extend the study of conver-
gences of various numerical methods that involves polynomials, in less constrictive
hypotheses on the matrix A.

We also use a generalization of the Faber polynomials, which is the following.



xx

Definition 1.26. Let ϕ : C − E → C − D be the Riemann map of E. We
call Takenaka-Malmquist system of rational functions for the cyclic sequence of
parameters σl the following system:

Φl(w) =

√
1− |ϕ(σl))|−2

1− ϕ(σl)
−1
w

Bl(w), l ∈ N

where the function Bl is a finite length Blanschke product:

Bl(w) :=
l−1∏
j=0

(
ϕ(σj)

−1
− w

1− ϕ(σj)
−1
w

· |ϕ(σj)
−1
|

ϕ(σj)
−1

)
, w ∈ C.

In the following proposition we state some useful properties of the Takenaka-
Malmquist system of rational functions, and of the function Bl.

Proposition 1.27. The system of rational functions introduced in Definition 1.26
satisfy:

i. Bl(w)
−1 = Bl(w

−1)

ii. |Bl(w)| < 1, |w| < 1,

iii.
´
|w|=1

Φn(w)Φm(w)|dw| = 2πδn,m, n,m ∈ N,

iv. maxn∈N max|w|=1 |Φn(w)| ≤ ∞.

We also introduce the Faber-Dzhrbashyan rational function, as follows.

Definition 1.28. Let r > 1, and let ψ be the inverse of the Riemann map of E.
Let Γr := {ψ(z) : |z| = r}, and let Gr := {ψ(z) : |z| < r} be the interior of the
curve Γr. We define the k-th Faber-Dzhrbashyan rational function as:

Mk(z) :=
1

2πi

ˆ
Γr

Φk(ϕ(ξ))

ξ − z
dξ z ̸∈ Gr

The next result makes this family of functions useful for us. A proof of the
statement can be found in [18].

Proposition 1.29. Let ϕ be the Riemann map of E, let Φj be the j−th Takenaka-
Malmquist rational function, and let Mj be the j-th Faber-Dzhrbashyan rational
function. The following holds.

ψ′(w)

ψ(w)− u
=

1

w

∞∑
j=0

Φj

( 1
w

)
Mj(u), |w| > 1
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Here we introduce the concepts of plane condenser, and of the Riemann modulus
of a condenser. We also state some fundamental properties of these objects. All
the proofs can be found in [12].

Definition 1.30. Let F1 and F2 be disjoint closed subsets of C, each of which has
a connected complement. We call (F1, F2) a plane condenser.

Definition 1.31. Let (F1, F2) be a plane condenser, and set G := C− (F1 ∪ F2).
The unique generalized solution h of the Dirichlet problem −∆h = 0 in the region
G with boundary data equal to 0 on ∂F1 and 1 on ∂F2 is called Harmonic measure
of the set ∂F2 relative to the region G.

The following Lemma establishes the regularity of the Harmonic measure of
the set ∂F2 relative to the region G, called H, which is needed in the definition of
Riemann modulus.

Lemma 1.32. Let (F1, F2) be a plane condenser, and set G := C− (F1 ∪F2). Let
h(z) be the harmonic measure of the set ∂F2 relative to the region G at the point
z ∈ G. The function h is harmonic in the region G and at regular (relative to G)
points of the sets ∂F1 and ∂F2, and it is bounded by 0 and 1.

Definition 1.33. Let (F1, F2) be a condenser, and let γ be a curve that divides
C into two open sets, one of which contains the set F1, and the other of which
contains the set F2. We define the Riemann modulus of the condenser (F1, F2) as:

H(F1, F2) := c−1(F1, F2), c(F1, F2) :=
1

2π

ˆ
γ

∂h

∂n
ds.

Here the quantity c is called capacity.

The modulus of a condenser (F1, F2) is strictly related to the so called third

Zolotarev problem, which consists of finding a rational function Rk(x) :=
pk(x)
qk(x)

that

is as small as possible on the set F1 while being at least one in absolute value on

another set F2. More precisely, by defining the set Rk,k := {rk(x) = pk(x)
qk(x)

, pk, qk ∈
Pk}, the solution of the third Zolotarev problem attains the following infimum:

Rk(F1, F2) := inf
rk∈Rk,k

supz∈F1
|rk(z)|

infz∈F2 |rk(z)|

In the following theorem we recall the relation stated in [12] between the Riemann
modulus and the solution of the third Zolotarev problem, for a fixed condenser
(F1, F2).

Theorem 1.34. Let (F1, F2) be a condenser, let H(F1, F2) be the Riemann modu-
lus of the condenser; let Rk(F1, F2) be the solution of the third Zolotarev problem.
It holds that

H(F1, F2) = lim
k→∞

logRk(F1, F2)

k
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Moreover, we use the principal and the complementary elliptic integrals of first
kind of modulus g. They are defined as follows.

Definition 1.35. We call the principal elliptic integral of the first kind of modulus
g the quantity

K(g) :=

ˆ 1

0

1
√
1− t2

√
1− g2t2

dt.

We call the complementary elliptic integral of the first kind of modulus g the
quantity

K ′(g) :=

ˆ 1

0

1√
1− t2

√
1− (1− g2)t2

dt.





Chapter 2

Poisson problem in weak form

2.1 Poisson problem

Given a function f ∈ C0([0, 1]2), we want to find u ∈ C2([0, 1]2) such that
−∆u = f in (0, 1)2,

u = 0 in ∂D[0, 1]
2,

∂u
∂ν

= 0 in ∂N [0, 1]
2.

Where ∂D[0, 1]
2 is the part of the boundary related to the Dirichlet condition; and

it’s supposed to be a connected set, while ∂N [0, 1]
2 = ∂[0, 1]2 \ ∂D[0, 1]2 is the part

of the boundary related to the Neumann condition, and ν is the outward pointing
unit normal vector to ∂N . For the sake of simplicity, we will treat the case of
∂D[0, 1]

2 = {0} × [0, 1) ∪ [0, 1) × {0}. A classical approach to tackle the problem
is to relax it by taking an appropriate set of functions H, called test set, and by
looking for a solution u which satisfiesˆ

[0,1]2
−∆u(x, y)Φ(x, y) dx dy =

ˆ
[0,1]2

f(x, y)Φ(x, y) dx dy, for all Φ ∈ H

(2.1)
The name test set comes from the fact that we test the function u to be solution
with respect to every function in the set H. In our case, we take the set H =
H1

0 ([0, 1]
2). We recall from Definition 1.3 the definition of such a space.

H1(Ω) := {v ∈ L2(Ω) : Dαv ∈ L2(Ω), |α| ≤ 1}
The space H1(Ω) is equipped with the following norm.

||v||2H1(Ω) :=
∑
|α|≤1

||Dαu||2L2(Ω), ||Dαu||2L2(Ω) =

ˆ
Ω

|Dαu|2dw

1
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From this definition we derive:

H1
0 (Ω) := C∞

0 (Ω)
||·||H1(Ω) , H−1(Ω) := (H1

0 (Ω))
′

We also emphasize a crucial property of the space H, which gives us an equiv-
alent norm for the space H.

Lemma 2.1 (Poincarè Inequality). Given u in H1
0 ([0, 1]

2), there exists a constant
C > 0 which depends only on the domain, such that

||u||2L2([0,1]2) ≤ C||∇u||2L2([0,1]2).

Proof. Since u ∈ H1
0 ([0, 1]

2), we have that u(x, 0) = 0. Thus we have:

||u||2L2([0,1]2) =

ˆ 1

0

ˆ 1

0

|u(x, y)− u(x, 0)|2 dx dy

=

ˆ 1

0

ˆ 1

0

∣∣∣ ˆ y

0

∂u

∂y
(x, η) dη

∣∣∣2 dx dy

≤
ˆ 1

0

ˆ 1

0

ˆ y

0

∣∣∣∂u
∂y

(x, η)
∣∣∣2 dη dx dy

≤
ˆ 1

0

ˆ 1

0

ˆ 1

0

|∇u(x, η)|2R2 dη dx dy

(Holder) ≤
ˆ 1

0

ˆ 1

0

(√ˆ 1

0

12 dη

√ˆ 1

0

|∇u(x, η)|2R2 dη

)2

dx dy

=

ˆ 1

0

ˆ 1

0

ˆ 1

0

1 · |∇u(x, η)|2R2 dη dx dy

= 1 ·
ˆ 1

0

ˆ 1

0

|∇u(x, η)|2R2 dx dη

This lemma can be generalized for a Lipschitz domain Ω. However, our proof
strongly depends on the fact that the domain is a square. As a corollary of the
Poincarè inequality, we can find an equivalent homogeneous norm for H1

0 ([0, 1]
2).

This fact is crucial in our discussion, since it gives us the coercivity, which is
defined later, of the form a. Indeed we have the following result.

Corollary 2.2. Given u in H1
0 ([0, 1]

2), there exist two positive constants c1 and
C2, which depend only on the domain, such that

c1||∇u||2L2([0,1]2) ≤ ||u||2H1
0 ([0,1]

2) ≤ C2||∇u||2L2([0,1]2).
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Proof. By the Poincarè inequality we have:

||u||2H1
0 ([0,1]

2) ≥ ||∇u||2L2([0,1]2) =
1

2
||∇u||2L2([0,1]2) +

1

2
||∇u||2L2([0,1]2)

≥ 1

2C
||u||2L2([0,1]2) +

1

2
||∇u||2L2([0,1]2)

≥ min
{ 1

2C
,
1

2

}
||u||2H1

0 ([0,1]
2)

By taking c1 := 1 and C2 :=
1

min{ 1
2C
, 1
2
} , we obtain the result.

A further relaxation of the problem regards the regularity of the data function f
and of the solution u we are searching for. In particular, by taking H = H1

0 ([0, 1]
2)

as a test space, we notice that the integral problem (2.1) is well posed also for a
data function f ∈ H−1([0, 1]2). In the next section, we will discuss problem (2.1),
by searching for a solution u ∈ H1

0 ([0, 1]
2); in the less restrictive hypotheses for

the data function f to be in H−1([0, 1]2). For this setting, we will provide some
classical results about existence and uniqueness of a weak solution of the problem.

2.2 Weak form of the Poisson problem

Given f ∈ H−1([0, 1]2), we want to find u ∈ H1
0 ([0, 1]

2), such that, for all
Φ ∈ H1

0 ([0, 1]
2), it holds that:
ˆ
[0,1]2

−∆u(x, y)Φ(x, y) dx dy =

ˆ
[0,1]2

f(x, y)Φ(x, y) dx dy. (2.2)

This is called weaker form, since it has weaker hypotheses in terms of regularity
either of the data f and of the searched solution u.

In order to tackle (2.2), we have to use two important results. The first one
is the Divergence Theorem, and it will provide us with an equivalent variational
form of the problem (2.2), by assuming the existence of solution u ∈ H2

0 ([0, 1]
2);

while the second one is an extension of Lax-Milgram variational Lemma, due to
Stampacchia. This is a fundamental tool for proving existence and uniqueness of
the solution of (2.2).

By using the Divergence Theorem and by direct computation, we obtain:ˆ
[0,1]2

∇Φ(x, y) · ∇u(x, y) + ∆u(x, y)Φ(x, y) dx dy

=

ˆ
[0,1]2

div(Φ(x, y)∇u(x, y)) dx dy

=

ˆ
∂+[0,1]2

Φ(x, y)∇u(x, y) dH1(x, y) = 0
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As a consequence, an equivalent form of (2.2) is the following:ˆ
[0,1]2

−∇u(x, y) · ∇Φ(x, y) dx dy =

ˆ
[0,1]2

f(x, y)Φ(x, y) dx dy (2.3)

Since we want to obtain a variational problem, we have to define a linear and
a bilinear form related to the problem. In particular, we define the following
quantities.

Notation 2.3. Given u, v in H1
0 ([0, 1]

2) and f in H−1([0, 1]2), we define:

a(u, v) = ⟨∇u,∇v⟩L2([0,1]2), ℓ(v) = ⟨f, v⟩L2([0,1]2).

By substituting these definitions, the problem (2.3) can be restated as: find
u ∈ H1

0 ([0, 1]
2), such that, for all Φ ∈ H1

0 ([0, 1]
2), it holds that:

a(u,Φ) = ℓ(Φ) (2.4)

In this variational context, continuity and coercivity are fundamental properties
of the linear and bilinear forms, which can be defined as follows.

Definition 2.4. Given an Hilbert space H and a bilinear form a : H × H → R,
we say that:

i. a is continuous if there exists c > 0 so that |a(u, v)| ≤ c||u||H ||v||H , for all
u, v ∈ H

ii. a is coercive if there exists C > 0 so that |a(u, u)| ≥ C||u||2H , for all u ∈ H

Thanks to these properties, we will be able to prove the existence and the
uniqueness of the weak solution of the problem (2.3).

Proposition 2.5. The form a : H1
0 ([0, 1]

2)×H1
0 ([0, 1]

2) → R is bilinear, coercive
and continuous, while the form ℓ : H1

0 ([0, 1]
2) → R is linear and continuous.

Proof. The proofs of the bilinearity of a and the linearity of ℓ are direct computa-
tions, indeed:

⟨∇α(u1 + u2),∇v⟩L2([0,1]2) = α⟨∇u1,∇v⟩L2([0,1]2) + α⟨∇u2,∇v⟩L2([0,1]2),

⟨∇u,∇β(v1 + v2)⟩L2([0,1]2) = β⟨∇u,∇v1⟩L2([0,1]2) + β⟨∇u,∇v2⟩L2([0,1]2),

⟨f, γw1 + w2⟩L2([0,1]2) = γ⟨f, w1⟩L2([0,1]2) + ⟨f, w2⟩L2([0,1]2).

The coercivity of a follows directly from the right inequality of Corollary 2.2, while
the continuity of a and ℓ follow from the left one.

Corollary 2.6. The form a : H1
0 ([0, 1]

2)×H1
0 ([0, 1]

2) → R induces a norm, called
energy norm of a, defined as:

∥u∥a :=
√
a(u, u), u ∈ H1

0 ([0, 1]
2). (2.5)
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We now recall a general result, introduced in [28], that will be crucial in several
points of our discussion. It is an extension of the well known Lax-Milgram Lemma,
and it provides us existence and uniqueness of the weak solution in a certain space.

Theorem 2.7 (Stampacchia). Let H be a Hilbert space, let a : H × H → R be
a bilinear, symmetric, continuous and coercive form, and let K ⊆ H be a convex
and closed set. For all l ∈ H ′ there exists an unique u ∈ K such that:

a(u, v) = l(v), for all v ∈ K.

By using this result, as a corollary, we have a unique weak solution u ∈
H1

0 ([0, 1]
2) of the problem (2.4).

Corollary 2.8. Let f be in H−1([0, 1]2), and let the quantities

a : H1
0 ([0, 1]

2)×H1
0 ([0, 1]

2) → R, a(u, v) = ⟨∇u,∇v⟩L2([0,1]2),

ℓ : H1
0 ([0, 1]

2) → R, ℓ(v) = ⟨f, v⟩L2([0,1]2).

There exists a unique u ∈ H1
0 ([0, 1]

2) so that

a(u, v) = ℓ(v), for all v ∈ H1
0 ([0, 1]

2)

Proof. This is a direct consequence of Theorem 2.7 , by setting the quantities
K = H = H1

0 ([0, 1]
2), a = a, and l = ℓ.

We can notice that for this special case also Lax-Milgram Theorem would have
been sufficient to prove this Corollary. In the future section we will see how to
exploit the Theorem 2.7, by taking K as a proper subspace of H.

2.3 A new setting for the variational problem

Starting with this section, we want to use the following linear space on which
to find the solution:

S := H1
0 ([0, 1])⊗H1

0 ([0, 1]), (ϕ⊗ ψ)(x, y) = ϕ(x)ψ(y), ϕ⊗ ψ ∈ S

We also equip S with the following norm:

||ϕ⊗ ψ||L2([0,1]2) = ||ϕ||L2([0,1])||ψ||L2([0,1]), for ϕ⊗ ψ ∈ S.

This setting has both analytical and computational advantages: indeed, this space
is able to catch the important information of the separate direction, and see which
one is more central, in dependence of the initial data. Besides, the problem (2.4)
can be written in a simpler way by substituting the set S, as we are solving a
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problem which is similar to the one-dimensional case. Hence we can write, for
u = u1 ⊗ u2, and v = v1 ⊗ v2:

⟨∇(u1 ⊗ u2),∇(v1 ⊗ v2)⟩L2([0,1]2)

=⟨Du1, Dv1⟩L2([0,1])⟨u2, v2⟩L2([0,1]) + ⟨u1, v1⟩L2([0,1])⟨Du2, Dv2⟩L2([0,1]2)

For using this space S we have to verify that it is a closed, convex subset of
H1

0 ([0, 1]
2). We will do it in the following lemma.

Lemma 2.9. S is a closed and convex subset of H1
0 ([0, 1]

2).

Proof. We first show that S ⊆ H1
0 ([0, 1]

2). Let Φ̂(x, y) = ϕ(x)ψ(y) ∈ S, and recall
that

||ϕ⊗ ψ||L2([0,1]2) = ||ϕ||L2([0,1])||ψ||L2([0,1]).

By computations, we have that:

||ϕ⊗ ψ||H1
0 ([0,1]

2) =
(∑
α≤1

||Dα(ϕ⊗ ψ)||L2([0,1]2)

)
=||ϕ⊗ ψ||L2([0,1]2) + ||D(ϕ)⊗ ψ||L2([0,1]2) + ||ϕ⊗D(ψ)||L2([0,1]2)

≤||ϕ⊗ ψ||L2([0,1]2) + ||D(ϕ)⊗ ψ||L2([0,1]2) + ||ϕ⊗D(ψ)||L2([0,1]2)+

+ ||D(ϕ)⊗D(ψ)||L2([0,1]2)

=
(∑
α≤1

||Dαϕ||L2([0,1])

)(∑
α≤1

||Dαψ||L2([0,1])

)
=||ϕ||H1

0 ([0,1])
||ψ||H1

0 ([0,1])
<∞.

Hence, S ⊆ H1
0 ([0, 1]

2). The convexity derives from the fact that S is a linear
space, while the closure is a consequence of the structure of the space as a tensor
product of two H1

0 ([0, 1]).

As a consequence of Lemma 2.9 and of Theorem 2.7, we can state the following
theorem.

Theorem 2.10. Let f ∈ H−1([0, 1]2), and let

a : H1
0 ([0, 1]

2)×H1
0 ([0, 1]

2) → R, a(u, v) = ⟨∇u,∇v⟩L2([0,1]2),

ℓ : H1
0 ([0, 1]

2) → R, ℓ(v) = ⟨f, v⟩L2([0,1]2).

There exists a unique us ∈ S such that

a(us, v) = ℓ(v), for all v ∈ S (2.6)

To justify the variational approach (2.6), an interesting question is how “dis-
tant” the weak solution us ∈ S is from the classical solution u ∈ C2([0, 1]2) of
problem (2.1). A possible answer to this question is formalized next.
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Proposition 2.11. Let the data function f ∈ C0([0, 1]2), and let u ∈ C2([0, 1]2).

It holds that a(u, Φ̂) = l(Φ̂) for all Φ̂ ∈ S if and only if −∆u = f .

Proof. Let Φ(x, y) = ϕ(x)ψ(y) ∈ S. By Fubini’s Theorem, we have

0 =

ˆ
[0,1]2

(−∆u(x, y)− f(x, y))Φ(x, y) dx dy

=

ˆ
[0,1]

(ˆ
[0,1]

(−∆u(x, y)− f(x, y))ϕ(x) dx
)

︸ ︷︷ ︸
G(y)

ψ(y) dy

By applying the Fundamental Lemma in the Calculus of Variations to the integral
over the variable y, we obtain

G(y) = 0.

Explicitly writing the function G, and by applying the Fundamental Lemma in
the Calculus of Variations, we obtain

0 =

ˆ
[0,1]

(−∆u(x, y)− f(x, y))ϕ(x) dx⇔ −∆u(x, y)− f(x, y) = 0

Indeed, if we suppose to have a regular data f , and a regular solution u, the
problems (2.1) and (2.6) are equivalent.



Chapter 3

On the discrete problem obtained
by Finite Elements

3.1 Introduction to finite elements

We consider a finite-dimensional subset of S, as approximation space for the
solution us. For this purpose we define the following spaces.

Definition 3.1. Let {ϕj(x)}j=1,...,n ⊆ H1
0 ([0, 1]), and {ψk(y)}k=1,...,n ⊆ H1

0 ([0, 1])
be two sets of linearly independent functions, and let h = 1

n+1
. We define the

finite-dimensional spaces:

Sxh = span{ϕ1(x), . . . , ϕn(x)}, Syh = span{ψ1(y), . . . , ψn(y)}

Moreover, we define the “tensorized” space

Sh = Sxh ⊗ Syh.

By applying these definitions, a function uh belonging to Sh can be written as:

uh(x, y) =
n∑
j=1

n∑
k=1

αj,kϕj(x)ψk(y), uh ∈ Sh.

As described in Section 1.3, we aim to apply Stampacchia’s Theorem by taking
K = Sh. Besides, in the next lemma we will prove that Sh satisfies the hypotheses
of Theorem 2.7, namely that Sh is a closed, convex subset of H = H1

0 ([0, 1]
2). In

particular, we show that Sh is a closed and convex subset of S, which is a subset
of H.

Lemma 3.2. Sh is a closed, convex subset of S.

Proof. Let {ϕj(x)}j=1,...,n ⊂ Sxh , and {ψk(y)}k=1,...,n ⊂ Syh be two bases, and let
{Φm(x, y)}m ⊆ Sh be a sequence of functions that has limit in S. We can write

8
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in a unique each function Φm ∈ Sh in the sequence as a linear combination of the
product of the two bases, and

Φm(x, y) =
n∑
j=1

n∑
k=1

(αj,k)mϕj(x)ψk(y) −−−→
m→∞

Φ̂(x, y) ∈ S.

From the limit uniqueness, we have that

Φ̂(x, y) =
n∑
j=1

n∑
k=1

α̂j,kϕj(x)ψk(y), for (αj,k)m −−−→
m→∞

α̂j,k.

Thus, the existence of the limit for the function Φ̂ is equivalent to the existence of
the limit of the coefficients αj,k. Since Rn×n is complete, Φ̂ ∈ Sh. The convexity
follows from the fact that Sh is a linear subset of S.

As a consequence, we can state the well-posedness of the following finite-
dimensional problem.

Theorem 3.3. Let f ∈ H−1([0, 1]2), and let

a : H1
0 ([0, 1]

2)×H1
0 ([0, 1]

2) → R, a(u, v) = ⟨∇u,∇v⟩L2([0,1]2),

ℓ : H1
0 ([0, 1]

2) → R, ℓ(v) = ⟨f, v⟩L2([0,1]2).

There exists a unique uh ∈ Sh so that

a(uh, vh) = ℓ(vh), for all vh ∈ Sh (3.1)

3.2 Analytical properties of the Galerkin solution

In this section, we first give a different point of view of the finite-dimensional
problem, and then we state an analytical result about the closeness of us and uh.

Remark. By using the expression (2.4), and by subtracting it in (3.1), the finite-
dimensional problem can be stated as: find uh ∈ Sh so that

a(us − uh, v) = 0 for all vh ∈ Sh (3.2)

Definition 3.4 (Galerkin solution). The function uh ∈ Sh that satisfies condition
(3.2), called Galerkin condition will be called Galerkin solution of the problem.

Condition (3.2) gives us a new interpretation of the solution uh: indeed, we
want to find a function uh such that the error us − uh is orthogonal, under the
operator a, with respect to Sh, or in an equivalent way, we want the residual
r(v) := a(uh, v)− l(v) to be zero when v = vh ∈ Sh. In other words, the solution
of the problem (3.1) uh is the projection, under the operator a, of the solution us

over Sh.
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A direct consequence of (3.2) is stated in the following proposition.

Proposition 3.5 (Céa). The function uh ∈ Sh obtained by the imposing the
Galerkin condition (3.2) satisfies

a(us − uh, u
s − uh) = min

vh∈Sh

a(us − vh, u
s − vh)

Proof. Let vh ∈ Sh. Since a is bilinear, it holds that

a(us − vh, u
s − vh) = a(us − uh + uh − vh, u

s − uh + uh − vh)

= a(us − uh, u
s − uh)− 2a(us − uh, vh − uh) + a(vh − uh, vh − uh)

Since vh − uh ∈ Sh, we have that a(us − uh, vh − uh) = 0, while by definition of a
we have that a(vh − uh, vh − uh) ≥ 0. Thus we have that, for all vh ∈ Sh,

a(us − uh, u
s − uh) ≤ a(us − vh, u

s − vh).

By taking the infimum we have the result.

Thus, the Galerkin solution uh is the function that minimizes the energy norm
of the error us − uh in the space Sh.

We can state the following result on the convergence of the finite-dimensional
solution.

Proposition 3.6. Let a sequence of nested spaces {Shj}j satisfying
⋃
j≥1 Shj = S

be given. Consider the respective sequence of functions uhj ∈ Shj satisfying (3.2).
We have that

lim
j→∞

||us − uhj ||H1
0 ([0,1]

2) = 0

Proof. Since
⋃
j≥1 Shj is dense in S , we have that

lim
j→∞

min
vhj∈Sh

∥∥us − vhj
∥∥2
H1

0 ([0,1]
2)
= 0

From Corollary 2.2, the bilinear form a induces an equivalent norm of H1
0 , and

thus we have that
lim
j→∞

min
vhj∈Shj

∥∥us − vhj
∥∥2
a
= 0

From Proposition 3.5 have that uhj attains such minimum. Hence we conclude.

In other words, since the residual has to be zero with respect to the subspace
Sh, we want to take a sequence of nested spaces {Shj}j which saturates the entire
space S. For the respective sequence of solutions {uhj}j to (3.2) we have, at the
limit, a residual which has to be identically zero.

In the following result we state a more precise formulation of convergence of
the method, which is a consequence of Friedrichs’ Lemma.
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Theorem 3.7. Let {Shj}j be a sequence of nested spaces which satisfies
⋃
j≥1 Shj =

S and let the respective sequence of functions uhj ∈ Shj satisfying (3.2). Let
us = limj→∞ uhj , and f be in L2([0, 1]2). By using the notations of Lemma 1.9, it
holds that:

uϵ
L2(K)−−−→
ϵ→0

us, −∆uϵ
L2(K)−−−→
ϵ→0

f

This theorem gives us a more precise result of convergence of the solution found
by Galerkin, as we have the convergence of the graph (uϵ, fϵ) in the L2 norm.

3.3 Numerical Problem

The purpose of this section is to find a more manageable form of the finite-
dimensional problem, and after, to fix a space Sh . In particular, we will derive a
matrix equation which is obtained from the problem (3.1), by taking two general
bases of Sxh and Syh, and by computing the bilinear form a and the linear form l
for each element of the bases. Then, we fix two particular bases of Sxh and Syh,
and we explicitly write the matrix equation with respect to these bases. A deeper
discussion about the importance of the choice of the bases of Sxh and Syh can be
found in [2, chapter 10].

Given {ϕj(x)}1≤j≤n ⊆ Sxh , and {ψk(y)}1≤k≤n ⊆ Syh two bases, the problem (3.1)
is equivalent of finding uh ∈ Sh such that

a(uh, ϕj ⊗ ψk) = l(ϕj ⊗ ψk), 1 ≤ j, k ≤ n. (3.3)

To explicitly write down the left-hand side, it is useful to define the so called
stiffness and mass matrices, while for the right-hand side we define the data matrix.
They will be denoted as K, M and F respectively.

Definition 3.8. Given {ϕj(x)}1≤j≤n ⊆ Sxh , and {ψk(y)}1≤k≤n ⊆ Syh two bases, we
define:

(Kx)i,j = ⟨ϕ′
i, ϕ

′
j⟩L2([0,1]), (Ky)k,l = ⟨ψ′

k, ψ
′
l⟩L2([0,1]), Kx,Ky ∈ Rn×n

(Mx)i,j = ⟨ϕi, ϕj⟩L2([0,1]), (My)k,l = ⟨ψk, ψl⟩L2([0,1]), Mx,My ∈ Rn×n

(F)j,k = ⟨f, ϕj ⊗ ψk⟩L2([0,1]2), F ∈ Rn×n

Notice that the matrices M and K are obtained from an inner product in one
dimension, whereas F is obtained from an inner product in two dimensions. By
these definitions, the following theorem can be stated.

Theorem 3.9. The function uh ∈ Sh, uh(x, y) =
∑n

j=1

∑n
k=1 αj,kϕj(x)ψk(y) is the

solution of problem (3.3) if and only if X is the solution of the following matrix
equation.

KxXMy +MxXKy = F (3.4)
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where Kx,Ky, Mx,My and F are the stiffness, mass and data matrices, while
(X)j,k = αj,k.

Proof. By using the explicit expression of ∇uh, the solution of problem (3.3) is the
function uh that satisfies:

n∑
i=1

n∑
l=1

αi,l⟨ϕ′
i⊗ψl, ϕ′

j⊗ψk⟩L2([0,1]2)+αi,l⟨ϕi⊗ψ′
l, ϕj⊗ψ′

k⟩L2([0,1]2) = ⟨f, ϕj⊗ψk⟩L2([0,1]2)

By applying Fubini-Tonelli’s Theorem, we obtain the following expressions:

n∑
i=1

n∑
l=1

αi,l⟨ϕ′
i ⊗ ψl, ϕ

′
j ⊗ ψk⟩L2([0,1]2)

=
n∑
i=1

n∑
l=1

αi,l⟨ϕ′
i, ϕ

′
j⟩L2([0,1])⟨ψk, ψl⟩L2([0,1]) = (KxXMy)j,k,

and

n∑
i=1

n∑
l=1

αi,l⟨ϕi ⊗ ψ′
l, ϕj ⊗ ψ′

k⟩L2([0,1]2)

=
n∑
i=1

n∑
l=1

αi,l⟨ϕi, ϕj⟩L2([0,1])⟨ψ′
k, ψ

′
l⟩L2([0,1]) = (MxXKy)j,k

By summing the two expressions we obtain:

KxXMy +MxXKy = F

3.4 Choice of the basis of Sh

In this section, we describe and justify our choice for the tensorized basis of the
finite-dimensional set.

Definition 3.10 (Linear finite elements). Set h = 1
n+1

, xi = ih, for i = 0, . . . , n,
xn+1 = xn, and set yi = ih, for i = 0, . . . , n, yn+1 = yn. We define the linear
spaces:

Sxh = span{ϕ1(x), . . . , ϕn(x)}, ϕj(x) =

{
x−xj−1

h
, x ∈ [xj−1, xj)

xj+1−x
h

, x ∈ [xj, xj+1]
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and

Syh = span{ψ1(y), . . . , ψn(y)}, ψk(y) =

{
y−yk−1

h
, y ∈ [yk−1, yk)

yk+1−y
h

, y ∈ [yk, yk+1]

There are various advantages of choosing these bases: in first place, fixed ϕj, we
have that only ϕj−1 and ϕj+1 are not orthogonal, under the operator a, to ϕj, and
thus the matrices M and K are sparse, as they are tridiagonal. Moreover, since the
functions ϕj are piecewise linear, their first derivatives are easy to compute, and
so for the bilinear form a(ϕj, ϕk), as suggested in [4]. In the following proposition,
which can be found in [4], we fully describe the structure of the two matrices.

Proposition 3.11. Let the functions ϕj and ψk be as in Definition 3.10. Then

⟨ϕ′
j, ϕ

′
j+1⟩L2([0,1]) = ⟨ψ′

j, ψ
′
j+1⟩L2([0,1]) = − 1

h
, j = 1, . . . , n− 1

⟨ϕ′
j, ϕ

′
j⟩L2([0,1]) = ⟨ψ′

j, ψ
′
j⟩L2([0,1]) =

2
h
, j = 1, . . . , n− 1,

⟨ϕ′
n, ϕ

′
n⟩L2([0,1]) = ⟨ψ′

n, ψ
′
n⟩L2([0,1]) =

1
h
,

⟨ϕj, ϕj+1⟩L2([0,1]) = ⟨ψj, ψj+1⟩L2([0,1]) =
h
6
, j = 1, . . . , n− 1,

⟨ϕj, ϕj⟩L2([0,1]) = ⟨ψj, ψj⟩L2([0,1]) =
2h
3
, j = 1, . . . , n− 1,

⟨ϕn, ϕn⟩L2([0,1]) = ⟨ψn, ψn⟩L2([0,1]) =
h
3
.

In an equivalent way, we have that the matrices K := Kx = Ky and M := Mx =
My have the following forms:

K =
1

h


2 −1

−1
. . . . . .
. . . . . . . . .

. . . 2 −1
−1 1

 , M =
h

6


4 1

1
. . . . . .
. . . . . . . . .

. . . 4 1
1 2


Proof. The proof of this result is done by the explicit computation of the integrals.

In the following, we derive some properties of the matrices K and M, that
highlights the dependence of their condition number on the discretization.

Proposition 3.12. Let the matrices M and K defined as in Proposition 3.11. It
holds that M and K are positive definite, and κ(M) = O(1), while κ(K) = O( 1

h2
).

Proof. We start by showing that κ(M) = O(1). By definition of the condition
number, we have that κ(M) = ∥M∥ ∥M−1∥ ≥ ∥I∥ ≥ 1. By using the First Ger-
schgoring Theorem, we have that λmax(M) ≤ h, and that λmin(M) ≥ h

6
. Thus
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we have that κ(M) ≤ 6. To show that κ(K) = O( 1
h2
), we recall from [32] the

following result.

spec(K) =
1

h

{
2− 2 cos

2(k − 1
2
)π

2n+ 1
, k = 1, . . . , n

}
.

Hence we have that
2

h
≤ λmax(K) ≤ 4

h
.

By using the Taylor expansion for the cosine function, with Lagrange remainder,
we also have that

cos
π

n+ 1
= 1− π2

2(n+ 1)2
+ cos η

π4

24(n+ 1)4
η ∈

(
0,

π

n+ 1

)
,

And thus we have that

1

h

(
π2

(n+ 1)2
− π4

12(n+ 1)4

)
≤ λmin(K) ≤ 1

h

(
π2

(n+ 1)2
+

π4

12(n+ 1)4

)
.

Hence, we have that

(n+ 1)2
(

96

48π2 + π4

)
≤ κ(K) ≤ (n+ 1)2

(
192

48π2 − π4

)
Since h = 1

n
, we conclude.

Proposition 3.12 shows that as the grid is refined, the condition number of K is
proportional to 1

h2
, and so goes to infinity when h tends to zero. A full discussion

of this topic can be found in [11], and [27].
Thanks to the positive definiteness of M and K stated in Proposition 3.12, the

following operator induces a norm, which is the finite-dimensional counterpart of
the energy norm of a, as defined in Corollary 2.5.

Corollary 3.13. The operator A : Rn×n → Rn×n, AX = KXM+MXK induces
a norm defined as:

∥X∥A :=
√
trace(XTKXM+XTMXK), X ∈ Rn×n.

To reduce the generalized Lyapunov equation (3.4) into a standard Lyapunov
equation, we use a standard technique, recalled in the following lemma.

Lemma 3.14. Let the matrices M and K be as defined in Proposition 3.11, and
let L such that M = LLT . Set K̃ = L−1KL−T , X̃ = LTXL, and F̃ = L−1FL−T .
The matrix equation (3.4) is equivalent to the equation:

K̃X̃+ X̃K̃ = F̃ (3.5)
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Proof. The proof is done by properly dividing by L and LT , as follows.

F̃ = L−1(KXM+MXK)L−T

= L−1(KL−TLTXLL−1M+ML−TLTXLL−1K)L−T

= L−1(KL−TLTXLLT + LLTXLL−1K)L−T

= K̃X̃+ X̃K̃

In the following, the matrix L will be taken as the Cholesky factor of M.



Chapter 4

Properties of the Lyapunov
Equation

Let A ∈ Rn×n be a symmetric positive definite matrix, and let C1,C2 ∈ Rn×p

be tall matrices. The aim of this chapter is to analyze some properties related to
the solution X of the Lyapunov equation

AX+XA = C1C
T
2 (4.1)

We recall that, in our setting, the existence and the uniqueness of such a solution
X are stated in Theorem 1.14.

Some of these properties give us a different perspective of the solution of a Lya-
punov equation, and we use them to prove theorems, while others are structural,
and they help us for computations, for choosing proper methods to solve equation
(3.5). In first place, we will see different ways to express the solution of equation
(4.1), and as a corollary we see the connection between the solution of a Lyapunov
equation and the energy of a Cauchy problem.

Some of the following properties are stated in a general setting, as they only
requires the existence and the uniqueness of a solution X of (4.1), and they do not
exploit the structure of the matrix A.

4.1 Integral forms of the solution of the Lyapunov Equa-
tion

The following results give us a characterization of the solution of a Lyapunov
equation, by using an integral form.

Proposition 4.1. Let A ∈ Rn×n, let C1,C2 ∈ Rn×p be tall matrices. By defining
the functions x1(t) := e−tAC1, and x2(t) := e−tAC2, it holds that:

X =

ˆ ∞

0

x1(t)x
T
2 (t)dt.

16
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Proof. To prove the result, it is sufficient to show that such X is a solution of the
equation, and then we conclude by uniqueness of the solution. By substitution,
we have that

AX+XA =

ˆ ∞

0

Ae−tAC1C
T
2 e

−tA + e−tAC1C
T
2 e

−tAAdt

=

ˆ ∞

0

−
( d
dt
(e−tAC1)

)
CT

2 e
−tA − e−tAC1

( d
dt
(CT

2 e
−tA)

)
dt

=

ˆ ∞

0

− d

dt
(e−tAC1C

T
2 e

−tA)dt

=− e−tAC1C
T
2 e

−tA|t=∞
t=0 = C1C

T
2

The result holds also for nonsymmetricA, for the equationAX+XAT = C1C
T
2 .

For the second characterization, we have to use the following lemma.

Lemma 4.2. Set A ∈ Rn×n, and let z ∈ C such that Re(z) < µ, for all µ ∈
[λmin(A), λmax(A)]. It holds that:

(−zI+A)−1 =

ˆ ∞

0

e−(−zI+A)tdt

Proposition 4.3. Let A ∈ Rn×n, let C1,C2 ∈ Rn×p be tall matrices. Let Γ be
a closed contour in C − ([λmin(A), λmax(A)] ∪ [−λmax(A),−λmin(A)]) which is
homeotopic to the imaginary axis iR being passed from −i∞ to −i∞. It holds
that:

X =
1

2πi

ˆ
Γ

(zI−A)−1C1C
T
2 (zI−A)−∗dz (4.2)

Proof. We notice that, since Γ is homeotopic to the imaginary axis iR being passed
from −i∞ to −i∞, and since the matrix A is symmetric, equation (4.2) is equiv-
alent to the following equation.

X =
1

2πi

ˆ
Γ

(zI−A)−1C1C
T
2 (−zI−A)−1dz (4.3)

We thus prove equation (4.3). It is sufficient to show that X is equivalent to the
solution obtained in Proposition 4.1, that is X =

´∞
0
e−tAC1C

T
2 e

−tAdt. To prove
the result, we treat the two exponentials in different ways. For the one to the left,
we use Lemma 4.2, while for the other we use Cauchy’s Integral Formula.
Indeed, we have that:

e−tA =
1

2πi

ˆ
Γ

ezt(zI+A)−1dz
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Hence,

X =

ˆ ∞

0

e−tAC1C
T
2 e

−tAdt

=
1

2πi

ˆ ∞

0

e−tAC1C
T
2

[ ˆ
Γ

ezt(zI+A)−1dz
]
dt

(I commutes) =
1

2πi

ˆ
Γ

[ ˆ ∞

0

e−(−zI+A)tdt
]
C1C

T
2 (zI+A)−1dz

=
1

2πi

ˆ
Γ

(−zI+A)−1C1C
T
2 (zI+A)−1dz

As discussed in [19], for a sufficiently large R, we can take the curve Γ := γ1⊔γ2,
where γ1 is the line in the complex plane r(s) = is, s ∈ [−R,R], and γ2 is the
semicircle c(t) = Reit, t ∈ [−π

2
, π
2
].

Re z

Im z

iR

−iR

Figure 4.1: Curve Γ := γ1 ⊔ γ2

We have

X = lim
R→∞

ˆ
γ1⊔γ2

(zI−A)−1C1C
T
2 (zI−A)−∗dz

We split the integral in the two curves γ1 and γ2. Then, by direct computations,
it holds that

lim
R→∞

ˆ
γ2

(zI−A)−1C1C
T
2 (zI−A)−∗dz

= lim
R→∞

ˆ π
2

−π
2

(ReitI−A)−1C1C
T
2 (Re

itI−A)−∗iReitdt = 0

Hence we also obtain
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X =
1

2πi

ˆ i∞

−i∞
(zI−A)−1C1C

T
2 (zI−A)−∗dz. (4.4)

As a consequence of these results, when C := C1 = C2, the solution of (4.1)
is strictly related to the total output energy of the following Cauchy problem, as
shown in [15].

Theorem 4.4. Let A ∈ Rn×n be a symmetric positive definite matrix, let C ∈
Rn×p be a tall matrix. Let the Cauchy problem:

dx

dt
(t) = −Ax(t), x(0) = C

The solution X of the Lyapunov equation AX+XA = CCT satisfies

E2 = trace(X)

Where E =
( ´∞

0
∥x(t)∥2 dt

) 1
2 represents the total output energy of the Cauchy

system.

Proof. First, we notice that the solution of the Cauchy problem is x(t) = e−tAC,
which is defined in t ∈ [0,∞), since A is symmetric positive definite. To prove the
result we use Proposition 4.1. Indeed,

E2 =

ˆ ∞

0

∥x(t)∥2 dt

=

ˆ ∞

0

trace(x(t)Tx(t))dt

=

ˆ ∞

0

trace(x(t)x(t)T )dt

= trace

ˆ ∞

0

(x(t)x(t)T )dt = trace(X)

4.2 Low-rank property of the solution of the Lyapunov
equation

The last class of properties we investigate regards the eigenvalues and rank
decay of the solution of the Lyapunov equation (4.1), under the assumption of
C := C1 = C2. In particular, we see two results. The first one is stated in [23].

Theorem 4.5. Let A ∈ Rn×n be a symmetric positive definite matrix, let C ∈
Rn×p be a tall matrix, and let X be the solution of the Lyapunov equation

AX+XA = CCT .
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There exists a matrix Xk of rank at most kp such that

∥X−Xk∥F ≤ 8 ∥C∥F
λmin(A)

exp

(
−kπ2

log (8κ(A))

)
.

Where κ(A) is the condition number of the matrix A.

Under the hypothesis of a well-conditioned matrix A, the bound indicates an
exponential decay of the distance between A and a rank kp matrix. Otherwise,
when the matrix A is ill-conditioned, the bound deteriorates. The second result,
introduced in [16], fixes this problem.

Theorem 4.6. Let A ∈ Rn×n be a symmetric positive definite matrix, and take
δ > 0 such that spec(A) ⊆ (δ,∞], let C ∈ Rn×p be a tall matrix, and let X be the
solution of the Lyapunov equation:

AX+XA = CCT

For every k ∈ N there exists a matrix Xk of rank at most (2k + 1)p such that

∥X−Xk∥F ≤ CSt ∥C∥2F
2δ

exp
(
−

√
kπ
)
.

Where CSt is independent of k.

Notice that, as a counterpart, the last bound is less efficient in case of well-
conditioned problems. In the following figures we show the comparison of the
bounds for different values of κ(A), by ignoring the constants. Moreover, as stated
in [16], in our setting the quantity CSt can be numerically estimated as CSt ≈ 2.75.
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Figure 4.2: Comparison between the theoretical bounds of Theorem 4.5 and Theorem 4.6, for
k = 1, . . . , 30, and for κ(A) = 104, 108, 1012.

As a consequence of these properties, we are allowed to search for a low rank
approximation of the solution X.



Chapter 5

Numerical solution of the
Lyapunov equation

Let A ∈ Rn×n be a symmetric positive definite matrix, and let C ∈ Rn×n. We
are interested in analyzing numerical procedures for solving the matrix equation

AX+XA = C (5.1)

This equation corresponds to (3.5) for A = K̃, C = F̃ and X = X̃. We split the
analysis in two different cases, which are the small scale problem and the large
scale problem.

5.1 The small scale problem

In the small case setting, a robust and efficient method for solving equation (5.1)
is the Bartels–Stewart algorithm, introduced in [3], which computes the solution
X by the following procedure. Firstly, we compute the spectral decomposition of
the matrices A, that is

A = UΛUT

where Λ is diagonal and U is orthonormal, that is UT = U−1. Then, we set
G := UTCU and Y = UTXU, and we multiply equation (5.1) by U from the
right and by UT from the left. Hence, we obtain

G = UT (AX+XA)U (5.2)

= Λ(UTXU) + (UTXU)Λ (5.3)

= ΛY +YΛ (5.4)

We are left to solve equation (5.4). This is done by exploting the diagonal

21



5.2. KRONECKER FORMULATION FOR THE LARGE SCALE PROBLEM 22

structure of Λ. Indeed, we have

yi,j =
gi,j

λi + λj
(5.5)

In the end, we recover the solution X = UYUT . The full procedure is summarized
in Algorithm 2.

For the sake of completeness, we recall that in case the matrix A is not sym-
metric, instead of working with the spectral decomposition of A, we work with
the Schur decomposition of A, which is A = URU∗, where R is upper triangular
and U is unitary, that is U∗ = U−1.

Algorithm 2: Bartels-Stewart Algorithm for a symmetric positive definite A

Data: A,C ∈ Rn×n

Result: X ∈ Rn×n solution of AX+XA = C
1 Compute the spectral decomposition A = UΛUT .
2 Solve yi,j =

gi,j
λi+λj

.

3 Compute X = UYUT .

5.2 Kronecker formulation for the large scale problem

For the large scale setting, the Schur decomposition may require a prohibitive
amount of computer memory. As a consequence, we have to look for other numer-
ical methods to solve equation (5.1).

The naive approach to numerically solve equation (5.1) in the large scale setting
is by means of the Kronecker product and the vec operator, as defined in Definition
1.10, and in Definition 1.12. This procedure yields the following linear system

(I⊗A+AT ⊗ I)vec(X) = vec(C). (5.6)

However, this approach has several disadvantages. In the first place, the dimen-
sions of the linear system are the square of the dimension of the problem; as a
consequence, also if the dimensions of the matrices involved in equation (5.1) are
moderate, the dimensions of the linear system (5.6) can be huge. Moreover, by
using this transformation, if we do not determine the solution X with high accu-
racy, the spectral and low rank properties of the solution will be lost. Instead, it
may be advantageous to solve the original matrix equation, instead of the equiva-
lent transformed linear system. We recall that a common way to solve the matrix
equation is by using the so called Alternating-Direction Implicit (ADI) method,
introduced in [29], although we do not treat it in this work.
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5.3 Projection methods for the large scale problem

Under the further assumption for the matrix C to be low rank, that is, there
exists p≪ n, and there exist two matrices C1,C2 ∈ Rn×p such that C = C1C

T
2 , a

possibility to numerically solve equation (5.1) is by using projection methods. The
main idea of this class of methods is to search a low rank approximate solution Xk,
of the solution X, whose existence is guaranteed by Theorem 4.5, and Theorem
4.6.

In particular, we first consider two sequences of nested linear spaces, namely
{Vk}1≤k≤n and {Wk}1≤k≤n, each of them has dimension m := m(k, p), and such
that Vk ⊆ Vk+1 and Wk ⊆ Wk+1, and such that there exists k̄ such that Vk̄ and
Wk̄ have dimension n. Such spaces exists for a sufficiently general matrices A, C1

and C2. Then, by starting from k = 1, we build two matrices with orthonormal
columns Vk and Wk, whose columns form a basis of Vk, and Wk respectively.
We remark that since we consider a sequence of nested spaces, we want to avoid
to rebuild the entire bases in each iteration; instead, we want to obtain the new
bases by updating the bases of the previous iteration. We then want to find a
matrix Xk in the form Xk = VkYWT

k , with the matrix Y ∈ Rm×m such that the
residual of the problem Rk := R(Xk) = AXk + XkA − C1C

T
2 is orthogonal to

the space Wk ⊗ Vk. In other words, we determine a matrix Y ∈ Rm×m such that
the matrix Xk = VkYWT

k satisfies a Galerkin condition for equation (5.1), with
respect to the space Wk ⊗ Vk. In particular, since the columns of the matrices
Vk and Wk for a basis of Vk, and Wk, an equivalent condition for the Galerkin
condition with respect to the space Wk ⊗Vk is to ask that the vectorized residual
vec(Rk) is orthogonal to the matrix Wk ⊗ Vk. This leads us to the following
projected problem

(Wk ⊗Vk)
Tvec(Rk) = 0 (5.7)

By taking the unique square matrix Rk obtained by inverting the operator vec in
dimensions n× n, we also obtain

VT
k (AXk +XkA−C1C

T
2 )Wk = 0 (5.8)

By rearranging the terms, by explictly writing Xk and since the matrices Vk and
Wk have orthonormal columns, equation (5.8) becomes

(VT
kAVk)Y +Y(WT

kAWk) = (VT
kC1)(C

T
2Wk) (5.9)

Since Y is the solution of a Lyapunov equation, and since the matrices Vk and
Vk have orthonormal columns, the following representation holds.

Lemma 5.1. Let A ∈ Rn×n, let C1,C2 ∈ Rn×p be tall matrices. By defining the
functions xk,1(t) := Vke

−tHkVT
kC1, xk,2(t) := Wke

−tTkWT
kC2, it holds that:

Xk =

ˆ ∞

0

xk,1(t)x
T
k,2(t)dt.
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Proof. Let Y be the solution of equation (5.9). From Proposition 4.1, it holds that

Y =

ˆ ∞

0

e−tHkVT
kC1C

T
2Wke

−tTkdt.

Hence we have

Xk = VkYWT
K = Vk

( ˆ ∞

0

e−tHkVT
kC1C

T
2Wke

−tTkdt

)
WT

k =

ˆ ∞

0

xk,1(t)x
T
k,2(t)dt.

Where the last equality holds since the matrices Vk and Wk do not depend on
t.

Moreover, if we set the matrices Hk := VT
kAVk and Tk := WT

kAWk, it holds
that the set [λmin(Hk), λmax(Hk)] ∪ [−λmax(Tk),−λmin(Tk)] is contained in the
set [λmin(A), λmax(A)] ∪ [−λmax(A),−λmin(A)], and so we obtain the analogous
representation of Proposition 4.3 for the projected solution Xk, for all curves Γ
which satisfy the hypotheses of Proposition 4.3. In the following lemma we state
the result.

Lemma 5.2. Let A ∈ Rn×n, let C1,C2 ∈ Rn×p. Let Γ be a closed contour
in C \ ([λmin(A), λmax(A)] ∪ [−λmax(A),−λmin(A)]) which is homeotopic to the
imaginary axis iR being passed from −i∞ to −i∞. It holds that:

Xk =
1

2πi

ˆ
Γ

Vk(zI−Hk)
−1VT

kC1C
T
2Wk(zI−Tk)

−∗WT
k dz (5.10)

Proof. Let Y be the solution of equation (5.9). From Proposition 4.3, it holds that

Y =
1

2πi

ˆ
Γ

(zI−Hk)
−1VT

kC1C
T
2Wk(zI−Tk)

−∗dz.

Hence we have

Xk = VkYWT
K =

1

2πi

ˆ
Γ

Vk(zI−Hk)
−1VT

kC1C
T
2Wk(zI−Tk)

−∗WT
Kdz

Where the last equality holds since the matrices Vk and Wk do not depend on t.
It is sufficient to apply Proposition 4.3 to equation (5.9).

We also notice that the matrices involved in equation (5.9) have dimensions
m×m, instead of n×n. As a consequence, we are left to solve a smaller problem,
for instance by Algorithm 2. The last step is to iterate the process in k, until the
norm of the error Ek := X −Xk is less than a fixed tolerance. The effectiveness
of the method thus depends on the number of iterations, which is associated with
the approximation space dimension, and the computational cost of each iteration.
The complete procedure is outlined in Algorithm 3.
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Algorithm 3: Galerkin Projection Methods

Data: A ∈ Rn×n, C1,C2 ∈ Rn×p

Result: Xk ∈ Rn×n low rank approximation of the solution X of AX+XA = C1C
T
2

1 Choose two nested sequences of linear spaces {Vk}k, and {Wk}k,
For k = 1, . . . , convergence,
2 Compute two matrices Vk and Wk, whose columns are orthonormal and form a basis
of Vk, and Wk,

3 Solve the equation (VT
k AVk)Y +Y(WT

k AWk) = (VT
k C1)(C

T
2 Wk),

4 Estimate ∥X−Xk∥
End For

We highlight two key points of Algorithm 3. The first one is item 1, where we
have to choose the spaces in which we project equation (5.1). We propose three
different choices for the spaces. In particular, we investigate the Krylov space,
introduced in Definition 1.19, and two generalizations of the Krylov space. The
second point is item 2, where the expansion of the Krylov space at each iteration is
performed by a generalization of the Gram-Schmidt process, called in this context
the Arnoldi algorithm, which we describe in the next section.

5.4 Arnoldi algorithm

Given a matrix A ∈ Rn×n and c ∈ Rn, in this section we treat the modified
Gram-Schmidt algorithm in the case where the basis comes from a Krylov space,
which we recall

Kk(A, c) := span{c,Ac, . . . ,Ak−1c}.
In this case, the procedure is called Arnoldi algorithm, and it creates a matrix with
orthonormal columns Vk = [v1, . . . , vk], whose columns form a basis of Kk(A, c),
as follows.

As first column we take v1 =
c

∥c∥ . We compute p2 := Av1, and then we orthog-

onalize p2 with respect to v1, as

v̂2 = w2 − v1h1,1, h1,1 := vT1 p2.

We then orthonormalize v̂2, by setting v2 =
v̂2
h2,1

, where h2,1 := ∥v̂2∥. By repeating

the iteration in j, we obtain the following recurrence. First, we compute pj :=
Avj−1 and then we orthogonalize pj with respect to Vj−1 := [v1, . . . , vj−1], as
follows

v̂j = pj −Vj−1

 h1,j−1
...

hj−1,j−1

 , hi,j−1 := vTi pj, i = 1, . . . , j − 1. (5.11)

We then orthonormalize v̂j, by setting vj =
v̂j

hj,j−1
where hj,j−1 := ∥v̂j∥. To improve

the stability of the algorithm, the orthogonalization step is done vector by vector,
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in a for loop, as explained in the modified Gram-Schmidt algorithm. By a simple
computation, it is possible to verify that the computational cost of the Arnoldi
algorithm is O(nk2).

Notation 5.3. We denote the matrix of the orthogonalization coefficients

Hk := (hi,j)i=1,...,k+1
j=1,...,k

, Hk =

[
Hk

hk+1,ke
T
k

]
.

In the following we analyze the structure of the matrix Hk determined by the
Arnoldi iteration (5.11), and we state some important properties of the algorithm.

Remark. The matrix Hk is upper Hessenberg.

Theorem 5.4 (Arnoldi relation). Let A ∈ Rn×n, and c ∈ Rn. The matrices Vk

and Hk determined by the Arnoldi iteration (5.11) satisfy:

AVk = VkHk + vk+1hk+1,ke
T
k

Proof. From the Arnoldi iteration (5.11), we have that

Avj = vj+1hj+1,j +Vj

 h1,j
...

hj−1,j

 .
By taking j = 1, . . . , k, we obtain the result.

As a corollary of this formula, we can state the following consequences.

Remark. Since the columns of Vn are n independent vectors in Rn and vn+1 is
orthogonal to Vn, we have that vn+1 = 0. As a consequence, it holds that:

AVn = VnHn.

Remark. Since Vk has orthonormal columns, and since vk+1 is orthogonal to Vk,
it holds that:

VT
kAVk = Hk.

In the following we comment the symmetric case, studied by Lanczos in [20].

Lemma 5.5. Let A ∈ Rn×n be a symmetric matrix. The matrix Hk ∈ Rk×k

determined by the Arnoldi iteration is tridiagonal.

Proof. We recall thatVT
kAVk = Hk. As a consequence, Hk is symmetric. The only

possibility for Hk to be symmetric and upper Hessenberg is to be tridiagonal.

As an important consequence, it is possible so simplify the inner loop of the
algorithm. Indeed, it holds that hi,j−1 = 0 for i = 1, . . . , j − 2, and thus the
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Algorithm 4: Arnoldi Iteration

Data: A ∈ Rn×n, c ∈ Rn

Result: Vk ∈ Rn×k whose columns are orthonormal and form a basis for Kk(A, c)
1 Set v1 = c

∥c∥ ; V0 = ∅;
For j = 2, . . . , k
2 Set Vj−1 = [Vj−2, vj−1];
3 Compute pj = Avj−1;
4 Obtain hi,j−1 and vj from pj with the modified Gram-Schmidt algorithm.
End For

5 Set Vk = [Vk−1, vk].

orthogonalization procedure involves just the last two terms. We set pj = Avj−1,
and we orthogonalize pj as

v̂j = pj − hj−1,j−1vj−1 − hj−2,j−1vj−2.

Moreover, this simplification makes the computational cost of the algorithm lower,
as it is O(nk).

Given C ∈ Rn×p, the previous algorithm can be generalized to the case of Block
Krylov space Kk(A,C), by setting Pj = AVj−1 ∈ Rn×p and the block Hi,j =
VT
i Pj. Differently from the vector case, the tall matrix Vj is obtained by the tall

matrix Pj by using the reduced QR factorization, and by taking the block Hj+1,j

as the reduced triangular matrix resulting from the reduced QR factorization. In
this setting, the matrix Hk is no longer Hessenberg, but block tridiagonals, with
p× p blocks. We also remark that a discussion about the loss of orthogonality of
the method can be found in [21], where some modifications are implemented in
special cases.

5.5 Convergence Analysis of the Galerkin method with
Krylov space

In this section we analyze the convergence of Algorithm 3 when the approxima-
tion space is the polynomial Krylov subspace; which we recall, for a given matrix
A ∈ Rn×n and c ∈ Rn.

Kk(A, c) = span{c,Ac, . . . ,Ak−1c}.

In our notation, we consider C := c1c
T
2 , and we set the spaces of projection Vk :=

Kk(A, c1), and Wk := Kk(A, c2); moreover we set Hk := VT
kAVk, Tk := WT

kAWk

and Xk := VkYWT
k , where Vk and Wk are matrices with orthonormal columns,

whose columns form a basis for Vk and Wk and are obtained by the Arnoldi
algorithm. For this choice, we study the convergence rate of the approximate
solution, which can be found in [26], and we provide a numerical example in
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our setting. In order to tackle the proof of the convergence statement, we have
to introduce some preliminary results. By using Proposition 4.1, we write the
solution of the Lyapunov equation (4.1) as follows:

X =

ˆ ∞

0

e−tAc1c
T
2 e

−tAdt.

We also recall Lemma 5.1, which gives us the following representation for the
approximated solution Xk.

Xk =

ˆ ∞

0

xk,1(t)x
T
k,2(t)dt.

As a consequence of these representations for X and Xk, if we consider c1 and
c2 having unit norm, we have that:

∥X−Xk∥ ≤
ˆ ∞

0

∥∥x1xT2 − xk,1x
T
k,2

∥∥ dt
=

ˆ ∞

0

∥∥x1(x2 − xk,2)
T − (xk,1 − x1)x

T
k,2

∥∥ dt
≤
ˆ ∞

0

∥x1∥ ∥x2 − xk,2∥+ ∥xk,1 − x1∥ ∥xk,2∥ dt

≤
ˆ ∞

0

e−tλmin(A) ∥x2 − xk,2∥+ e−tλmin(A) ∥xk,1 − x1∥ dt

Where the final bound derives from the definitions of x1 and xk,2, and from the fact

that [λmin(Tk), λmax(Tk)] ⊆ [λmin(A), λmax(A)]. By defining the matrices Ã :=

A + λmin(A), H̃k := VT
k ÃVk, T̃k := WT

k ÃWk and the quantities x̃1 := e−tÃc1,

x̃2 := e−tÃc2 , x̃k,1 := Vke
−tH̃kVT

k c1, x̃k,2 := Wke
−tT̃kWT

k c2, i.e, as the quantities

x1, x2, xk,1, xk,2 related to the matrix Ã, we are able to write the previous error as
the error in the approximation of the exponential of the shifted matrix with the
Krylov subspace solution, as follows:

e−tλmin(A) ∥xk,1 − x1∥ = ∥x̃k,1 − x̃1∥ , e−tλmin(A) ∥x2 − xk,2∥ = ∥x̃2 − x̃k,2∥ .

In the end, we obtain:

∥X−Xk∥ ≤
ˆ ∞

0

(∥x̃k,1 − x̃1∥+ ∥x̃2 − x̃k,2∥)dt. (5.12)

For deriving a final bound on the norm of the error, we recall Faber polynomials,
introduced in Definition 1.23, and their properties, stated in Theorem 1.24 and in
Theorem 1.25. Moreover, we need to state the following technical lemma.
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Lemma 5.6. Let Φk be the Faber polynomial of degree k, and let f be an analytic
function, with f(z) =

∑∞
n=0 anΦn(z) as a series expansion. If the expansion of

f(A), f(Hk) and f(Tk) are well defined, we have that:

∥∥f(A)c1 −Vkf(Hk)V
T
k c1
∥∥ ≤

∞∑
j=k

|aj|(∥Φj(A)∥+ ∥Φj(Hk)∥)

and ∥∥f(A)c2 −Wkf(Tk)W
T
k c2
∥∥ ≤

∞∑
j=k

|aj|(∥Φj(A)∥+ ∥Φj(Tk)∥)

Proof. To prove the result it is sufficient to show one of the two inequalities. We
have that:

f(A)c1 −Vkf(Hk)V
T
k c1 =

∞∑
j=0

aj(Φj(A)c1 −VkΦj(Hk)V
T
k c1)

By splitting the sum, we have that

∞∑
j=0

aj(Φj(A)c1 −VkΦj(Hk)V
T
k c1)

=
k−1∑
j=0

aj(Φj(A)c1 −VkΦj(Hk)V
T
k c1) +

∞∑
j=k

aj(Φj(A)c1 −VkΦj(Hk)V
T
k c1)

We are left to prove that
∑k−1

j=0 aj(Φj(A)c1−VkΦj(Hk)V
T
k c1) = 0. This fact follows

from Arnoldi relation and from the structure of Hk. Indeed, for j = 0, . . . , k − 1,
we have that Ajc1 = VkH

j
1V

T
k c1; as a consequence, Φj(A)c1 = VkΦ(Hk)V

T
k c1,

for j = 0, . . . , k − 1.

In the lemma above, the role of Faber polynomials is to guarantee the well
posedness of a polynomial expansion for an analytic f , but the same proof can be
done for other polynomials, if we know that the expansion of the function f via
these polynomials is convergent. For our case, we highlight that Faber polynomials
coincide with Chebychev ones.

We are now able to state the main theorem about the rate of convergence of
the method for the Block Krylov subspace as projection space.

Theorem 5.7. Let A ∈ Rn×n be a symmetric positive definite matrix, let κ̃ :=
λmax(A)+λmin(A)

2λmin(A)
and let c1, c2 ∈ Rn. It holds that

∥X−Xk∥ ≤ 2

√
κ̃+ 1

λmin(A)
√
κ̃

(√
κ̃− 1√
κ̃+ 1

)k
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Proof. By using (5.12), we are left to estimate the quantities
´∞
0

∥x̃k1 − x̃1∥ dt,
and
´∞
0

∥x̃2 − x̃k2∥ dt. We estimate the first one, the second can be done in the
same way. By using Theorem 1.24, it holds that both x1, xk,1 can be written as
Faber expansions, which here coincides with the Chebyshev expansion. Thanks

to [8, Formula (4.2)], and by defining the quantities Â := λmax(A)+λmin(A)
λmax(A)−λmin(A)

I −
2

λmax(A)−λmin(A)
A, and Ĥk :=

λmax(A)+λmin(A)
λmax(A)−λmin(A)

I− 2
λmax(A)−λmin(A)

Hk, we obtain:

x̃1 = 2e−t
λmax(A)+3λmin(A)

2

∞∑
j=0

′Ij

(
t
λmax(A)− λmin(A)

2

)
Tj(Â)c1,

x̃k1 = Vk(2e
−tλmax(A)+3λmin(A)

2

∞∑
j=0

′Ij

(
t
λmax(A)− λmin(A)

2

)
Tj(Ĥk)V

T
k c1),

where Ij is the Bessel function of an imaginary argument, and the prime over the

sum indicates that the first term is divided by two. By the definitions of Â and

Ĥ1, it holds that
∥∥∥Tj(Â)

∥∥∥ , ∥∥∥Tj(Ĥk)
∥∥∥ ≤ 1. By using Lemma 5.6, we have that

∥x̃k1 − x̃1∥ ≤ 4e−t
λmax(A)+3λmin(A)

2

∞∑
j=k

Ij

(
t
λmax(A)− λmin(A)

2

)
By taking the integral, and by setting the quantities q := κ̃+1

κ̃−1
, ρ := q +

√
q2 − 1,

thanks to [14, Formula (6.611.4)], we obtain:
ˆ ∞

0

∥x̃k1 − x̃1∥ dt

≤
ˆ ∞

0

4e−t
λmax(A)+3λmin(A)

2

∞∑
j=k

Ij

(
t
λmax(A)− λmin(A)

2

)
dt

(6.611.4) =
4√

(3λmin(A)+λmax(A))
2

)2 − (λmax(A)−λmin(A)
2

)2

∞∑
j=k

1

ρj

=
2

λmin(A)
√
κ̃

∞∑
j=0

1

ρj+k
=

2

λmin(A)
√
κ̃

ρ

ρ− 1

1

ρk

=

√
κ̃+ 1

λmin(A)
√
κ̃

(√κ̃− 1√
κ̃+ 1

)k
Where we used the facts that:

λmax(A) + 3λmin(A)

2λmin(A)
= κ̃+ 1,

λmax(A)− λmin(A)

2λmin(A)
= κ̃− 1.
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and

ρ =
κ̃+ 1

κ̃− 1
+

√
4κ̃

(κ̃− 1)2
=
κ̃+ 1 + 2

√
κ̃

κ̃− 1
=

(
√
κ̃+ 1)2

(
√
κ̃− 1)(

√
κ̃+ 1)

=

√
κ̃+ 1√
κ̃− 1

By repeating the same computations on the second term, we obtain the result.

We remark that the bound involves the condition number of the shifted matrix
Ã := A+λmin(A), instead of the the condition number of the matrix A. Besides,

if we call κ the condition number of A, we have that the condition number of Ã
satisfies 1

2
κ ≤ κ̃ ≤ κ. As a consequence, the bound has a faster convergence to

zero than the same bound relative to A. As a counterpart, the rate of conver-
gence strongly depends on the condition number κ̃, and we might expect a slow
convergence if the problem is not well-conditioned.

Example 5.1. We consider the matrix A = K̃ ∈ Rn×n, as defined in Lemma 3.14,
for n = 2l, and l = 4, . . . , 10, where 210 = 1024. In Table 5.1, we show the quantity√
κ̃−1√
κ̃+1

as the dimensions of the problem grows.

n κ(A)
√
κ̃−1√
κ̃+1

24 1.6115e+03 9.3131e-01
25 6.3773e+03 9.6482e-01
26 2.5343e+04 9.8218e-01
27 1.0101e+05 9.9103e-01
28 4.0328e+05 9.9550e-01
29 1.6116e+06 9.9775e-01
210 6.4433e+06 9.9887e-01

Table 5.1: Rate of convergence from Theorem 5.7 for Example 5.1.

Example 5.2. We consider the matrix A = K̃ ∈ Rn×n, as defined in Lemma
3.14, of dimension n = 26 = 64, and we take as data the normalized matrix of
C = L−1vvTL−T , where v is the vector of all ones. The following figure shows the

behaviour of the error norm compared with the rate of convergence
(√

κ̃−1√
κ̃+1

)k
as k

increases.
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Figure 5.1: Comparison between the true error norm and the theoretical rate of convergence for
Example 5.2.

By ignoring the constants, the bound catches well the initial behaviour of the
iterates until superlinear convergence takes place, and so it is sharp.

We emphasize that the rank of the data matrix C := C1C
T
2 can be greater than

one. For this scenario, we use as approximation space the Block Krylov space,
which we recall from Definition 1.19 that for a given A ∈ Rn×n and C ∈ Rn×p we
set

K□
k (A,C) = blkspan{C,AC, . . . ,Ak−1C}.

In particular, for this scenario we set the spaces of projection Vk := K□
k (A,C1),

and Wk := K□
k (A,C2). Unfortunately, the convergence analysis for the block case

is fare more involved than for the vector case, because it requires the use of matrix
polynomials. We thus limit ourselves to working with the case when C is a rank
one matrix, so that we can dwell with vector Krylov subspaces. A convergence
analysis for this scenario can be found on [5].

5.6 Arnoldi algorithm for the Extended Krylov space

Given A ∈ Rn×n and c ∈ Rn, we want to enrich the previously studied Krylov
space, and catch more important spectral information of the matrix A. For this
reason we introduce the so called Extended Krylov space, which is defined as
follows.

Definition 5.8 (Extended Krylov space). Let A ∈ Rn×n, and c ∈ Rn. We define
the k-th Extended Krylov space of A and c as

EKk(A, c) = Kk(A, c) +Kk(A
−1,A−1c). (5.13)
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Indeed, it is well known that the Krylov space catches well the behaviour of
the largest eigenvalues of the matrix A, see e.g. [20]. Hence, we want to use this
extension to catch also the behaviour of the smallest eigenvalues of A. In this
section we describe the procedure to obtain a matrix with orthonormal columns
Vk = [v1, . . . , vk], whose columns form a basis of EKk(A, c).

As first pair of columns we take p1 = [c,A−1c]. Then we take v1 as the orthonor-
mal pair of vectors obtained by applying the block Gram-Schmidt procedure to p1.

We then compute p2 := [Av
(1)
1 ,A−1v

(2)
1 ], where v

(1)
1 is the first column of v1 and

v
(2)
1 is the second column of v1; and we orthonormalize p2 with respect to v1, by
applying the block Gram-Schmidt procedure. By repeating the iteration in j, we

obtain the following recurrence. First, we compute pj := [Av
(1)
j−1,A

−1v
(2)
j−1]; then

we orthonormalize pj with respect to Vj−1 := [v1, . . . , vj−1] by applying the block
Gram-Schmidt procedure. Also for this space, it can be shown that the matrix
Hk := VT

kAVk, Hk ∈ R2k×2k is upper Hessenberg, see e.g. [25], and thus Hk is
block tridiagonal when the matrix A is symmetric.

Algorithm 5: Arnoldi Iteration for the Extended Krylov space

Data: A ∈ Rn×n, c ∈ Rn

Result: Vk ∈ Rn×2k whose columns are orthonormal and form a basis for EKk(A, c)
1 Set p1 = [c,A−1c], V0 = ∅;
2 Obtain v1 from p1 with the modified block Gram-Schmidt algorithm;
For j = 2, . . . , k

3 Set Vj−1 = [Vj−2, vj−1];

4 Compute pj = [Av
(1)
j−1,A

−1v
(2)
j−1];

5 Obtain vj from pj with the modified block Gram-Schmidt algorithm.
End For

6 Set Vk = [Vk−1, vk].

As for Algorithm 4, Algorithm 5 can be generalized in case of tall matrices C,
instead of vectors c.

5.7 Convergence Analysis of the Galerkin method with Ex-
tended Krylov space

In this section we analyze the convergence of Algorithm 3 when the approx-
imation space is the Extended Krylov subspace; introduced in Definition 5.8.
In our notation, we consider C := c1c

T
2 , and we set the spaces of projection

Vk := EKk(A, c1), and Wk := EKk(A, c2); moreover we set Hk := VT
kAVk,

Tk := WT
kAWk and Xk := VkYWT

k , where Vk and Wk are matrices with or-
thonormal columns, whose columns form a basis for Vk and Wk and are obtained
by the Arnoldi algorithm. In particular, in this section we derive the convergence
rate of the solution that can be found in [17]. In order to derive the final bound,
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we have to introduce some preliminary results. By using Proposition 4.3, we write
the solution of the Lyapunov equation (4.1) as follows:

X =
1

2πi

ˆ
Γ

(zI−A)−1c1c
T
2 (zI−A)−∗dz

Or equivalently:

X =
1

2πi

ˆ i∞

−i∞
(zI−A)−1c1c

T
2 (zI−A)−∗dz

We also recall Lemma 5.2 for the following representation of the approximate
solution Xk.

Xk =
1

2πi

ˆ
Γ

Vk(zI−Hk)
−1VT

k c1c
T
2Wk(zI−Tk)

−∗WT
k dz.

We now want to express the quantity (zI − A)−1 in a way so that we are
able to replicate Lemma 5.6 in the case of Extended Krylov. For this reason,
we use a generalization of the previously defined Faber polynomials, which are
called Takenaka-Malmquist rational functions, introduced in Definition 1.26, and
Faber-Dzhrbashyan rational function, introduced in Definition 1.28.

Moreover, we notice that in our case, Definition 1.26 can be reduced to a simpler
form. Indeed, we have σ2l = ∞, and σ2l+1 = 0. By definition, we have that
ϕ(∞) = ∞, and ϕ(0) < 0, and thus we find out that:

B2l(w) =

(
−w
1

)l(
− 1− ϕ(0)w

ϕ(0)− w

)l
As a consequence, we obtain the following system of functions:

Φ2l(w) = B(w)l, Φ2l+1(w) = −
√
1− |ϕ(0)|−2

1− |ϕ(0)|−1w
wB(w)l, l ∈ N (5.14)

where the function B is:

B(w) := w

[
1− ϕ(0)w

ϕ(0)− w

]
, w ∈ C.

By applying Proposition 1.29, we are able to express the quantity (zI −A)−1

in a more manageable way.

Lemma 5.9. Let A, let z ̸∈ E := [λmin(A), λmax(A)]. Let ϕ be the Riemann map
of E, let Φj be the j−th Takenaka-Malmquist rational function, and let Mj be the
j-th Faber-Dzhrbashyan rational function. The followings hold:

(zI−A)−1 =
1

ϕ(z)ψ′(ϕ(z))

∞∑
j=0

Φj(ϕ(z)−1)Mj(A), z ̸∈ E
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Proof. Set u := A and w := ϕ(z). Since ϕ = ψ−1, the result follows by direct
substitution.

The same computation can be done for (zI−A)−∗, (zI−Hk)
−1 and (zI−Tk)

−∗,
and as a consequence, by substituting the quantities found in Proposition 5.9 in
(4.3), and in (5.10), we obtain the following expressions for the matrices X and
Xk.

X =
1

2πi

∞∑
j=0

∞∑
l=0

aj,lMj(A)c1c
T
2Ml(A), (5.15)

and

Xk =
1

2πi
Vk

∞∑
j=0

∞∑
l=0

aj,lMj(Hk)V
T
k c1c

T
2WkMl(Tk)W

T
k , (5.16)

where the coefficients aj,l are defined as follows.

aj,l :=

ˆ
Γ

Φj(ϕ(z)
−1)Φl(ϕ(−z)−1)

ϕ(z)ψ′(ϕ(z))ϕ(−z)ψ′(ϕ(−z))
dz. (5.17)

Thanks to the uniform boundedness of Mj on the set [λmin(A), λmax(A)] and to
[6, Theorem 2], we have that

max
j∈N

max{∥Mj(A)∥ , ∥Mj(Hk)∥ , ∥Mj(Tk)∥} <∞.

By having the quantities (zI−A)−1 and (zI−A)−∗ written in this form, we are
able to use the property of the exactness of Extended Block Krylov subspace for
Mj, when j ≤ 2k − 1, proven in [17], and thus we obtain the following bound.

∥X−Xk∥ ≲
∑

j,l∈N, max{j,l}≥2k

|aj,l| ≤
∞∑
j=2k

∞∑
l=0

|aj,l|+
∞∑
j=0

∞∑
l=2k

|aj,l| (5.18)

In the following lemma we estimate the coefficients aj,l.

Lemma 5.10. Set µ :=
√

maxz∈iR |B(ϕ(z)−1)| < 1. The coefficients aj,l defined
in equation (5.17) satisfy:

aj,l ≲ µj+l

Proof. From (4.4), we can take the curve Γ := iR. From the definition of the
Takenaka-Malmquist functions, and by the properties of the Riemann mapping,
we have that

aj,l ≲
ˆ
iR

|Φj(ϕ(z)
−1)Φl(ϕ(−z)−1)|

|ϕ(z)ψ′(ϕ(z))ϕ(−z)ψ′(ϕ(−z))|
|dz| ≲

ˆ
iR

|B(ϕ(z)−1)| j+l
2

max{1, |z|2}
|dz| ≲ µj+l
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In the following we define the quantity ρ, which turns out to be the rate of
convergence of the approximate solution for this space of projection.

Definition 5.11. We define the function h(w) := B
(
ϕ
(
− ψ(w−1)

)−1
)
, and we

set
ρ := max

|w|=1
|h(w)|.

In the following lemma we explicitly compute the quantity ρ by exploiting the
assumption that the matrix A is a symmetric positive definite matrix.

Lemma 5.12. Let A ∈ Rn×n be a symmetric positive definite matrix and let ρ be
the quantity introduced in Definition 5.11. It holds that

ρ =

(
4√
κ− 1

4√
κ+ 1

)2

Proof. Let the quantities c := λmax(A)+λmin(A)
2

, and r := λmax(A)−λmin(A)
2

. Since A is
symmetric and positive definite, we have that the compact set given by the spectral
interval of A, E := [λmin(A), λmax(A)], is a segment in the real axis, and thus we
have the explicit expression of the Riemann map of E, ϕ and for the inverse of the
Riemann map of E, ψ, which are respectively

ϕ(z) =

(
z − c

r
+

√
(z − c)2 − r2

r2

)−1

, z ∈ C− E

and

ψ(w) = c+ r
w2 + 1

2w
, w ∈ C−D.

Hence, by defining l1 := ϕ(−λmin(A))−1 ∈ R, and l2 := ϕ(−λmax(A))−1 ∈ R, we
have that:

max
|w|=1

∣∣∣B(ϕ(− ψ(w)
)−1
)∣∣∣ = max

λ∈[λmin(A),λmax(A)]

∣∣∣B(ϕ(− λ
)−1
)∣∣∣ = max

u∈[l1,l2]
|B(u)|

Hence, we have to look for the behaviour of the function B on a real segment.
By definition of B, we have that B(u) ∈ R for u ∈ [l1, l2]. Moreover, we have
that B(u) > 0 for u ∈ [ϕ(0)−1, 0], and since the Riemann map ϕ is monotonically
increasing in R, it holds that ϕ(0)−1 < l1. Thus, we have that

max
u∈[l1,l2]

|B(u)| = max
u∈[l1,l2]

B(u).

To find the maximum in the segment of the function B, we search for its critical
points. By deriving the function B, we have that

DB(u) =
ϕ(0)− u− 2ϕ(0)2u+ 2ϕ(0)u2 + u− ϕ(0)u2

(ϕ(0)− u)2
= ϕ(0)

u2 − 2ϕ(0)u+ 1

(ϕ(0)− u)2
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Therefore, the two critical points of B are u± := ϕ(0) ±
√
ϕ(0)2 − 1. By a sign

analysis, we find out that u+ is a local maximum. By explicit computation, we
obtain that

ϕ(0) = −
√
λmax(A) +

√
λmin(A)√

λmax(A)−
√
λmin(A)

= −
√
κ+ 1√
κ− 1

.

And

B(u+) =
ϕ(0) +

√
ϕ(0)2 − 1− ϕ(0)(2ϕ(0)2 + 2ϕ(0)

√
ϕ(0)2 − 1− 1)

−
√
ϕ(0)2 − 1

=
−2ϕ(0)(

√
ϕ(0)2 − 1)2 + (−2ϕ(0)2 + 1)

√
ϕ(0)2 − 1

−
√
ϕ(0)2 − 1

= 2ϕ(0)2 − 1− 2ϕ(0)
√
ϕ(0)2 − 1 = u2+.

By writing u+ in terms of κ, we have that

u+ = −
√
κ+ 1√
κ− 1

+
2

4√
κ√

κ− 1
= −

4√
κ− 1

4√
κ+ 1

By monotonicity of the Riemann map ϕ, we have that −λmax(A)−c
r

< ϕ(0) <
−λmin(A)−c

r
. Hence u+ ∈ [l1, l2], and so we conclude.

We are now able to state the main theorem about the rate of convergence of
the approximate solution for this projection space.

Theorem 5.13. Let A ∈ Rn×n be a symmetric positive definite matrix and let
c1, c2 ∈ Rn. It holds that

∥X−Xk∥ ≲ k

(
4√
κ− 1

4√
κ+ 1

)2k

Proof. We prove the result by showing that ∥X −Xk∥ ≲ kρk, where ρ is the
quantity defined in Definition 5.11. Then we apply Lemma 5.12 to conclude.
Set E := [λmin(A), λmax(A)], let ψ be the inverse of the Riemann map of E.
Set Γ = ψ(∂D), and set z := ψ

(
1
w

)
. By differentiating z, it holds that dz =

−Dψ
(
1
w

)
1
w2 dw. By substituting z in (5.17), we have that

aj,l =

ˆ
|w|=1

Φj(w)
Φl(ϕ(−ψ( 1

w
))−1)

wϕ(ψ( 1
w
))ψ′(ϕ(−ψ( 1

w
)))

dw

=

ˆ
|w|=1

Φj(w)h(w)

[
l
2

]
gl(w) dw

=

ˆ
|w|=1

Φj(w)h(w)

[
l
2

]
gl(w)ie

iArg(w) |dw|
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Where:

gl(w) :=


1

wuDψ(u)
|
u=ϕ
(
−ψ
(

1
w

)), l is even,

1
wDψ(u)

√
1−ϕ(0)−2

1−ϕ(0)u−1 |
u=ϕ
(
−ψ
(

1
w

)), l is odd.

Moreover, we notice that gl is a smooth function in the unit circumference, and
thus it is limited. By substituting ρ, by taking the maximum in the circumference
of |h| in the integral, and by Parseval Theorem for an orthogonal decomposition,
we have that

∞∑
j=0

a2j,l ≲ ρl.

And for the same reasoning,

∞∑
j=0

∞∑
l=2k

a2j,l ≲ ρ2k.

By repeating the computations for E := [−λmax(A),−λmin(A)], for ψ as the
inverse of the Riemann map of E and Γ = ψ(∂D), we obtain that

∞∑
j=2k

∞∑
l=0

a2j,l ≲ ρ2k.

Thus we have that: ∑
j,l∈N, max{j,l}≥2k

a2j,l ≲ ρ2k.

To conclude the proof, we set the quantity j0 =
[
k log ρ
log µ

]
, where µ is the quantity

found in Lemma 5.10, and we split the set {j, l ∈ N, max{j, l} ≥ 2k} into the sets
{j, l ∈ N, max{j, l} ≥ 2k, j + l < j0} and {j, l ∈ N, max{j, l} ≥ 2k, j + l ≥ j0}.
For the first set, we have that∑

j,l∈N, max{j,l}≥2k,j+l<j0

|aj,l| ≲ j0

√ ∑
j,l∈N, max{j,l}≥2k

|aj,l|2 ≲ kρk.

While for the second set, by using the geometric series we have that∑
j,l∈N, max{j,l}≥2k,j+l≥j0

|aj,l| ≤ j0µ
j0 ≲ kρk

Where we substitute j0 in the last inequality. By summing the two pieces we find
the result: ∑

j,l∈N, max{j,l}≥2k

|aj,l| ≲ kρk.
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Remark. The bound is particularly useful when the condition number κ is big.
Indeed we have:(

4
√
κ− 1

4
√
κ+ 1

)2

=

(
1− 2

4
√
κ+ 1

)2

= 1− 4
4
√
κ+ 1

+ o

(
1

( 4
√
κ+ 1)

)
≈
(

4
√
κ− 3

4
√
κ+ 1

)
As a consequence, the convergence of the method mildly depends on the condition
number of the matrix A, and this allows us to have good convergence properties
also for ill-conditioned problems.

Example 5.3. We consider the matrix A = K̃ ∈ Rn×n as defined in Lemma 3.14,
for n = 2l, and l = 4, . . . , 10, where 210 = 1024. In the next table, we show the

quantity
( 4√κ−1

4√κ+1

)2
as the dimensions of the problem grow.

n κ(A)
( 4√κ−1

4√κ+1

)2
24 1.6115e+03 5.2906e-01
25 6.3773e+03 6.3795e-01
26 2.5343e+04 7.2783e-01
27 1.0101e+05 7.9883e-01
28 4.0328e+05 8.5316e-01
29 1.6116e+06 8.9378e-01
210 6.4433e+06 9.2367e-01

Table 5.2: Rate of convergence from Theorem 5.13 for Example 5.3.

Example 5.4. We consider the matrix A = K̃ ∈ Rn×n as defined in Lemma 3.14
of dimension n = 26 = 64, and we take as data the normalized matrix of C =
L−1vvTL−T , where v is the vector of all ones. The following figure shows the

behaviour of the error norm compared with the rate of convergence
( 4√κ−1

4√κ+1

)2k
as k

increases.
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Figure 5.2: Comparison between the true error norm and the theoretical rate of convergence for
Example 5.4.

The method performs better than expected by the rate. Indeed, we see that
after few iterations the convergence has a faster decay than the rate. This phe-
nomenon is called superlinear convergence to the exact solution.

Also for this space, it is useful for our application to introduce the block version
of this space, when the data matrix C := C1C

T
2 has rank greater than one.

Definition 5.14 (Extended Block Krylov space). LetA ∈ Rn×n, and letC ∈ Rn×p

be a tall matrix. We define the Extended Block Krylov space as:

EK□
k (A,C) = K□

k (A,C) +K□
k (A

−1,A−1C).

In particular, for this scenario we set the spaces of projection Vk := EK□
k (A,C1),

and Wk := EK□
k (A,C2). A convergence analysis for this setting can be found on

[5].

5.8 Arnoldi algorithm for the Rational Krylov space

Given A ∈ Rn×n and c ∈ Rn, we want to improve the previously studied
Extended Krylov space. Here we introduce the so called Rational Krylov space,
which is defined as follows.

Definition 5.15 (Rational Krylov space). Let A ∈ Rn×n, c ∈ Rn and let σ ∈ Rk.
We define the k-th Rational Krylov space of A, c and σ as

RKk(A, c, σ) = span{c, (A− σ1)
−1c, . . . ,

k−1∏
j=1

(A− σj)
−1c}. (5.19)
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Indeed, the matrices involved to create the Extended Krylov space are only A
and A−1, while here we consider matrices of the form (A− σi)

−1, for some shifts
σi.

In this section, we describe the procedure to obtain a matrix with orthonormal
columns Vk = [v1, . . . , vk], whose columns form a basis of RKk(A, c, σ).

As first column we take v1 = c
∥c∥ . We then compute p2 := (A − σ1)

−1v1,

and we orthonormalize w2 with respect to v1, by applying the Gram-Schmidt
procedure. By repeating the iteration in j, we obtain the following recurrence.
First, we compute pj := (A − σj)

−1vj−1; then we orthonormalize pj with respect
to Vj−1 := [v1, . . . , vj−1] by applying the Gram-Schmidt procedure.

Algorithm 6: Arnoldi Iteration for the Rational Krylov space

Data: A ∈ Rn×n, c ∈ Rn, σ ∈ Rk

Result: Vk ∈ Rn×k whose columns are orthonormal and form a basis for RKk(A, c, σ)
1 Set v1 = c

∥c∥ , V0 = ∅;
For j = 2, . . . , k
2 Set Vj−1 = [Vj−2, vj−1];
3 Compute pj = (A− σj)

−1vj−1;
4 Obtain vj from pj with the modified Gram-Schmidt algorithm.
End For

5 Set Vk = [Vk−1, vk].

Also Algorithm 6 can be generalized in case of tall matrices C ∈ Rn×p, instead
of vectors c ∈ Rn.

5.9 Convergence Analysis of the Galerkin method with
Rational Krylov space

In this section we analyze the convergence of Algorithm 3 when the approxi-
mation space is the Rational Krylov subspace; which we recall, for a given matrix
A ∈ Rn×n , for c ∈ Rn and σ ∈ Rk.

RKk(A, c, σ) = span{c, (A− σ1)
−1c, . . . ,

k−1∏
j=1

(A− σj)
−1c}.

In our notation, we consider C := c1c
T
2 we set the spaces of projection Vk :=

RKk(A, c1), and Wk := RKk(A, c2); moreover we set Hk := VT
kAVk, Tk :=

WT
kAWk and Xk := VkYWT

k , where Vk and Wk are matrices with orthonormal
columns, whose columns form a basis for Vk and Wk and are obtained by the
Arnoldi algorithm. We follow [7] for the analysis of the convergence rate of the
approximate solution, where an optimal choice of the parameters σj, with respect
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to the equilibrium measure for the set E := ϕ([−λmax(A),−λmin(A)])−1, is con-
sidered. In particular, we ask the parameters to be uniformly distributed in the
equilibrium measure.

Definition 5.16. Let ψ : C−D → C− E be the inverse of the Riemann map of
a set E. We define the equilibrium measure of E as the push-forward under ψ of
the uniform measure dθ

2π
on ∂D.

The techniques used in this section are similar to the ones used for the con-
vergence rate result for the Extended Block Krylov space; indeed, the role of the
parameters σj in the latter is to have an explicit and easy to treat form of the
Blaschke product B, while the preliminary results are stated for both Takenaka-
Malmquist and Faber-Dzhrbashyan rational function defined for general parame-
ters. Moreover, we derive asymptotical error bounds so we at once account for the
whole sequence of shifts σj.

With the previous definitions, we recall that:

∥X−Xk∥ ≲
∑

j,l∈N, max{j,l}≥k

|aj,l|,

where

aj,l :=

ˆ
Γ

Φj(ϕ(z)
−1)Φl(ϕ(−z)−1)

ϕ(z)ψ′(ϕ(z))ϕ(−z)ψ′(ϕ(−z))
dz.

The goal of this frame is to estimate before the quantities ai,j with the norm of the
Blaschke product Bk for an admissible choice of parameters, and after estimate
the norm Bk for an optimal choice of parameters. For this reason, we introduce
the following lemma, which estimates the values of Blaschke products near the set
E. A proof of the statement can be found in [7].

Lemma 5.17. Let C(E) be the set of continuous functions of the compact set E.
Uniformly in k and w, it holds that:

|Bk(w)| ≤ ∥Bk∥C(E) [1 + o(1)]k, as dist(w, ∂E) → 0

As a consequence of this technical lemma, we give a first result for the conver-
gence of the error.

Proposition 5.18. Let the parameters σl be uniformly separated from the set
[λmin(A), λmax(A)]. The following estimate holds.

lim sup
k→∞

∥X−Xk∥
1
k ≲ lim sup

k→∞
∥Bk∥

1
k

C(E) < 1 (5.20)

Proof. The right inequality follows from the uniform separation of the parameters
and from property ii. of Proposition 1.27. Moreover, by property ii. the bound
can be obtained for every Bs := B1(·;σs), and thus we have that

q := sup
s∈N

∥Bs∥C(E) < 1.
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As a consequence, it holds that

∥Bl∥C(E) ≤ ql, l ∈ N,
∥Bl1+l2∥C(E) ≤ ql1 ∥Bl2∥C(E) , l1, l2 ∈ N.

For the left inequality, we want to use Lemma 5.17. For this purpose, we define
ρ := 1 + ϵ, for ϵ ∈ (0, 1), and we set Γ := Γρ, as defined in Definition 1.28. We
now want to estimate the coefficients aj,l, as done in Lemma 5.10:

|aj,l| ≲
ˆ
Γρ

|Φj(ϕ(z)
−1)Φl(ϕ(−z)−1)|

|ϕ(z)ψ′(ϕ(z))ϕ(−z)ψ′(ϕ(−z))|
|dz|

≲
ˆ
Γρ

|Bj(ϕ(z)
−1)Bl(ϕ(−z)−1)| |dz|

≲ ∥Bj∥C(ϕ(Γρ)−1) ∥Bl∥C(ϕ(−Γρ)−1)

By using the quantity q, we obtain

∞∑
j=0

∞∑
l=k

|aj,l| ≲
∞∑
j=0

∞∑
l=k

qjql−k ∥Bl∥C(ϕ(−Γρ)−1) ≲ ∥Bl∥C(ϕ(−Γρ)−1)

And, by taking Γ := −Γρ, we also obtain

∞∑
j=k

∞∑
l=0

|aj,l| ≲
∞∑
j=k

∞∑
l=0

qj−kql ∥Bl∥C(ϕ(−Γρ)−1) ≲ ∥Bl∥C(ϕ(−Γρ)−1)

As a consequence, we have that∑
j,l∈N, max{j,l}≥k

|aj,l| ≲ ∥Bl∥C(ϕ(−Γρ)−1) .

By taking ϵ → 0, we have that dist(u, ∂E) → 0 for u ∈ ϕ(−Γρ)
−1, so that we

satisfy the hypotheses of Lemma 5.17. Hence,

∥X −Xk∥ ≲
∑

j,l∈N, max{j,l}≥k

|aj,l| ≲ ∥Bk∥C(ϕ(−Γρ)−1) ≲ ∥Bk∥C(E) (1 + o(1))k.

By extracting the k-th root, and taking the lim sup, we conclude the proof.

To conclude the estimate, it remains to study the quantity on the right-hand
side, for an optimal choice of parameters. For this reason, we recall the concepts
of condenser (F1, F2) and of Riemann modulus of a condenser (F1, F2) introduced
in Definition 1.30 and in Definition 1.33.
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A plane condenser consists in a pair of disjoint closed subset of C, F1 and F2,
each of which has a connected complement. It is denoted as (F1, F2).

The Riemann modulus of the condenser (F1, F2) is defined as:

H(F1, F2) := c−1(F1, F2), c(F1, F2) :=
1

2π

ˆ
γ

∂h

∂n
ds.

Here G := C− (F1∪F2), and h is the Harmonic measure of the set ∂F2 relative to
the region G, introduced in Definition 1.31, while γ is a curve that divides C into
two open sets, one of which contains the set F1, and the other of which contains
the set F2 .

In our setting, we take F1 := E, and F2 := F = ϕ([−λmax(A),−λmin(A)]).
The reason for such F2 belongs to the structure of the Blaschke product B and
the property i. of Proposition 1.27. Indeed, we have that:

∥Bk∥C(E) =
∥∥B−1

k

∥∥
C(F )

(5.21)

In the following statement we give a first bound of the quantity in the right of
the inequality of the Theorem 5.20.

Lemma 5.19. Let H(E,F ) be the Riemann modulus of the condenser (E,F ).

Let the parameters σj be chosen so that the sequence ϕ(σj)
−1

∈ ∂E is uniformly
distributed with respect to the equilibrium measure of E. Then the following error
estimate holds.

lim sup
k→∞

∥X−Xk∥
1
k ≲ H(E,F )−

1
2

Proof. From Theorem 5.20, we are left to show that lim sup
k→∞

∥Bk∥
1
k

C(E) ≲ H(E,F )−
1
2 .

Since ϕ(σj) ∈ ∂F , it is uniformly distributed with respect to the equilibrium mea-
sure of F , work [30] gives us

H(E,F )−1 = lim sup
k→∞

∥Bk∥
1
k

C(E)

∥∥B−1
k

∥∥ 1
k

C(F )

(5.21) = lim sup
k→∞

∥Bk∥
1
k

C(E)∥Bk∥
1
k

C(E) = lim sup
k→∞

∥Bk∥
2
k

C(E)

We now want to give a second bound of the quantity in the right of the inequality
of the Theorem 5.20, by exploiting the assumption that the matrix A is symmetric
and positive definite. Without loss of generality, by taking as matrix A the matrix

1
λmax(A)

A, we consider [λmin(A), λmax(A)] ⊂ [0, 1]. The following result gives us

the rate of convergence of the method, for an optimal choice of parameters.
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Theorem 5.20. Let A ∈ Rn×n be a symmetric positive definite matrix, with
[λmin(A), λmax(A)] = [δ, 1]. Let the parameters σj be chosen so that the sequence

ϕ(σj)
−1

∈ ∂E is uniformly distributed with respect to the equilibrium measure of
E, and let c1, c2 ∈ Rn. It holds that

lim sup
k→∞

∥X−Xk∥
1
k ≲ exp

(
−πK(g)

2K ′(g)

)
where K and K ′ are respectively the principal and the complementary elliptic in-
tegral of first kind of modulus g, for the following quantity g:

g =

√
(d− a)(c− b)

(d− b)(c− a)

where:

a = −3 + δ

1− δ
−

√(
3 + δ

1− δ

)2

− 1, d =
1

a
,

b = −1 + 3δ

1− δ
−

√(
1 + 3δ

1− δ

)2

− 1, c =
1

b
.

Proof. We recall the explicit expression for the Riemann map for the set E :=
[λmin(A), λmax(A)], which is

ϕ(z) =

(
z − c

r
+

√
(z − c)2 − r2

r2

)−1

, z ∈ C− (δ, 1),

where c := 1+δ
2
, and r := 1−δ

2
. By direct substitution, we obtain that F = [a, b]

and E = [c, d]. From Lemma 5.19 and [13], the result follows.

Example 5.5. We consider the matrix A = K̃ ∈ Rn×n, as defined in Lemma 3.14,
for n = 2l, and l = 4, . . . , 10, where 210 = 1024. In the next table, we show the

quantity exp
(−πK(g)

2K′(g)

)
as the dimensions of the problem grow.

n κ(A) exp
(−πK(g)

2K′(g)

)
24 1.6115e+03 2.4957e-01
25 6.3773e+03 2.8721e-01
26 2.5343e+04 3.2078e-01
27 1.0101e+05 3.5103e-01
28 4.0328e+05 3.7852e-01
29 1.6116e+06 4.0367e-01
210 6.4433e+06 4.2682e-01

Table 5.3: Rate of convergence from Theorem 5.20 for Example 5.5.
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Example 5.6. We consider the matrix A = K̃ ∈ Rn×n, as defined in Lemma 3.14,
of dimension n = 26 = 64, and we take as right-hand side the normalized matrix of
C = L−1vvTL−T , where v is the vector of all ones. The following figure shows the

behaviour of the error norm compared with the rate of convergence exp
(−πK(g)

2K′(g)

)k
as k increases.
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Figure 5.3: Comparison between the true error norm and the theoretical rate of convergence,
related to Example 5.6.

The theoretical rate has a good behaviour also when the problem is ill-conditioned.
As a consequence, when a preconditioning technique is not possible or a good pre-
conditioner is not available, the Rational Krylov space is a possible substitute;
since few more iterations are necessary when the dimensions of the problem grow.

We emphasize that also for this space, it is useful to introduce its block version,
when the data matrix C := C1C

T
2 has rank greater than one.

Definition 5.21 (Rational Block Krylov space). Let A ∈ Rn×n, and let C ∈ Rn×p

be a tall matrix. We define the Rational Krylov space as:

RK□
k (A,C, σ) = blkspan{C, (A− σ1)

−1C, . . . ,
k−1∏
j=1

(A− σj)
−1C}

In this scenario, we set the spaces of projection Vk := RK□
k (A,C1), and Wk :=

RK□
k (A,C2). For this block version, we refer to [5] for a convergence analysis.



Chapter 6

Analysis for the energy norm of
the error

In this chapter, we prove and discuss an extension of [24, property (2.7)], which
is the following. Let uh be the function satisfying Galerkin condition (3.2), let

x̃k ∈ Rn2
be the approximate solution of the linear system (5.6) formed in the

k−th iteration of the Conjugate Gradients method, and let X̃k ∈ Rn×n be the
square matrix obtained from xk by inverting the operator vec in dimensions n×n,
and let Xk := L−T X̃kL

−1, where L is the Cholesky factor of the matrix M of
equation (3.4). The following holds.∥∥∥us − u

(k)
h

∥∥∥2
a
= ∥us − uh∥2a + ∥X−Xk∥2A (6.1)

The aim of this extension is to fill the gap between the convergence of the finite-
dimensional solution uh to the solution us, which is known for every dimension
of the domain, and the convergence of the numerical solution ukh, which is formed
in the k−th iteration of a projection method, to the finite-dimensional solution
uh. Typically, this type of convergence is studied for the solution of the linear
system obtained by using the Conjugate Gradients methods on the linear sistem
associated with the Kronecker formulation of the matrix equation.

Theorem 6.1. Let the function uh be the function satisfying Galerkin condition
(3.2), and let the matrix (X)j,l := αj,l, X ∈ Rn×n be the solution of the matrix
equation (3.4). Let L be the Cholesky factor of the matrix M of equation (3.4).

Let X̃k be the approximated solution formed in the k−th iteration of (3.5), by

using a projection method, and set (Xk)j,l := (L−T X̃kL
−1)j,l = α

(k)
j,l . Set also

u
(k)
h :=

∑n
j=1

∑n
l=1 α

(k)
j,l φj ⊗ ψl,. The following equality holds.∥∥∥us − u

(k)
h

∥∥∥2
a
= ∥us − uh∥2a + ∥X−Xk∥2A . (6.2)

47



48

Proof. Firstly, we observe that uh−ukh ∈ Sh, since the coefficients α
(k)
j,k are projected

on a linear subspace of Rn. Since uh is the Galerkin solution, from (3.2) we have
that a(us − uh, uh − ukh) = 0. Thus:

a(us − ukh, u
s − ukh) = a(us − uh + uh − ukh, u

s − uh + uh − ukh)

= a(us − uh, u
s − uh) + 2a(us − uh, uh − ukh) + a(uh − ukh, uh − ukh)

= a(us − uh, u
s − uh) + a(uh − ukh, uh − ukh).

By applying Fubini’s Theorem we have that,

a(uh − ukh, uh − ukh)

=
n∑
i=1

n∑
j=1

n∑
m=1

n∑
l=1

(αi,j − αri,j)(αm,l − αkm,l)·

· (⟨ϕ′
i, ϕ

′
m⟩L2([0,1])⟨ψj, ψl⟩L2([0,1]) + ⟨ϕi, ϕm⟩L2([0,1])⟨ψ′

j, ψ
′
l⟩L2([0,1]))

= ∥X−Xk∥2A

We highlight some important implications of Theorem 6.1. In first place, we
notice that the terms of the result have different nature. In the left-hand side, we
have the total error, while in the right-hand side we have separated the analytical
error, which only depends on the chosen space Sh, from the numerical error, which
only depends on the method used to solve the matrix equation. Moreover, we
observe that the result is not a bound, but an equality. This fact implies that
we have the exact control of the energy norm of the total error, in terms of the
discretization error and the algebraic ones. As a consequence, it is useless to solve
well the matrix equation if we choose a space Sh that cannot approximate well the
real solution, and as a counterpart it is useless to take a well-refined space Sh if
we are not able to solve well the matrix equation.

Lastly, we derive a minimization property of the numerical solution as a conse-
quence of this result.

Corollary 6.2. Let the function uh be the function which satisfy Galerkin con-
dition (3.2), and let the matrix (X)j,l := αj,l, X ∈ Rn×n be the solution of the
matrix equation (3.4). Let L be the Cholesky factor of the matrix M of equation

(3.4). Let X̃k be the approximated solution formed in the k−th iteration of (3.5),

by using a projection method, and set (Xk)j,l := (L−T X̃kL
−1)j,l = α

(k)
j,l . Set also

u
(k)
h :=

∑n
j=1

∑n
l=1 α

(k)
j,l φj ⊗ ψl,. The following minimization property holds.∥∥us − ukh
∥∥2
a
= min

v∈Sh

∥us − v∥2a + min
S∈Rm×m

Z:=L−TVkSWkL
−1

∥X− Z∥2A .
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Proof. From Theorem 6.1, we derive the error equality. From Lemma 3.5, we
derive the first minimum. The second follows from the same computations, since
we are imposing a Galerkin condition over the space Vk ⊗Wk.

This result emphasizes the quality and the optimality of both approaches, as
we minimize both the discretization and the algebraic error, with respect to the
same norm.

6.1 Validation of the result for the Conjugate Gradients
method

In the following we illustrate Property 6.1 by taking a general example. In
particular, we show the behaviours of the two terms involved in the total error,

and we measure the mismatch of the equality, as δn,k :=
∥∥u− ukh

∥∥2
a
− (∥u− uh∥2a+

∥X−Xk∥2A).
Example 6.1. We want to find u ∈ C2([0, 1]2) such that:

−∆u = −2[(x2 − 2x) + (y2 − 2y)] in (0, 1)2,

u = 0 in ∂D[0, 1]
2,

∂u
∂ν

= 0 in ∂N [0, 1]
2.

The analytical expression of the solution u is given by u(x, y) = (x2−2x)(y2−2y).

In the next tables we show the numerical illustration of property 6.1, and the
behaviour of the different components of the errors in terms of the iteration k, and
the dimension of the space Sh, n

2. In Table 6.1, we fix the dimension of the space
Sh, and we look for the history of the errors, as k increases.

k
∥∥u− ukh

∥∥2
a

∥u− uh∥2a ∥X−Xk∥2A δn,k

5 1.0511e+00 2.1702e-05 1.0511e+00 6.8012e-13
10 7.7364e-01 2.1702e-05 7.7362e-01 5.0671e-13
15 5.8822e-01 2.1702e-05 5.8820e-01 3.7281e-13
20 4.5610e-01 2.1702e-05 4.5608e-01 -1.1380e-13
...

...
...

...
...

110 7.5352e-04 2.1702e-05 7.3181e-04 -1.3737e-13
115 3.0781e-04 2.1702e-05 2.8611e-04 -1.9085e-13
120 1.0227e-04 2.1702e-05 8.0570e-05 -1.5303e-13
125 3.9651e-05 2.1702e-05 1.7950e-05 -3.7528e-13

...
...

...
...

...
495 2.1702e-05 2.1702e-05 1.8113e-25 -2.5979e-13

Table 6.1: Term in (6.1) and mismatch of the equality for Example 6.1.

We remark that for Example 6.1, after k ≈ 125, the most relevant term of the
total error is the discretization one. Hence, we can fix the maximum iteration
k ≈ 125 for the computation of the approximate solution.
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In Table 6.2 we show a good matching between the chosen dimension of the
space Sh and the relative iteration of the Conjugate Gradients method, k.

n2 k
∥∥u− ukh

∥∥2
a

∥u− uh∥2a ∥X−Xk∥2A δn,k

24 22 4.6549e-02 2.2326e-02 2.4224e-02 3.9552e-16
26 23 7.9905e-03 5.5620e-03 2.4285e-03 -5.7766e-15
28 24 1.8384e-03 1.3893e-03 4.4914e-04 -1.1191e-14
210 25 4.4272e-04 3.4725e-04 9.5473e-05 -2.0125e-14
212 26 1.1507e-04 8.6808e-05 2.8266e-05 -4.2560e-14
214 27 3.3890e-05 2.1702e-05 1.2188e-05 1.3039e-13
216 28 1.2791e-05 5.4258e-06 7.3655e-06 4.2277e-14

Table 6.2: Term in (6.1) and mismatch of the equality for Example 6.1, for different values of n
and k.

6.2 Validation of the result for projection methods

In the following we illustrate Theorem 6.1 by taking a general example. In
particular, we show the behaviours of the two terms involved in the total error,

and we measure the mismatch of the equality, as δn,k :=
∥∥u− ukh

∥∥2
a
− (∥u− uh∥2a+

∥X−Xk∥2A). In particular, we solve the following example via projection methods,
by testing different spaces of projection.

Example 6.2. We want to find u ∈ C2([0, 1]2) such that:
−∆u = −[2π2 cos(2πx) sin(πy)2 + 2π2 sin(πx)2 cos(2πy)] in (0, 1)2,

u = 0 in ∂D[0, 1]
2,

∂u
∂ν

= 0 in ∂N [0, 1]
2.

The analytical expression of the solution u is given by u(x, y) = sin(πx)2 sin(πy)2.
Moreover, we numerically see the data matrix for this example has rank 2.

In Table 6.3 we show the history of the errors, for the Block Krylov space, in
terms of n2, the dimension of the space Sh.

n2 k
∥∥u− ukh

∥∥2
a

∥u− uh∥2a ∥X−Xk∥2A δn,k

26 3 1.8870e-01 1.8867e-01 2.3632e-05 -1.9984e-15
28 3 4.7463e-02 4.7462e-02 1.4326e-06 4.6352e-15
210 3 1.1885e-02 1.1885e-02 5.2213e-07 1.0644e-14
212 3 2.9725e-03 2.9724e-03 6.7752e-08 9.5909e-14
214 3 7.4329e-04 7.4328e-04 5.9683e-09 -9.0883e-14

Table 6.3: Term in 6.1 and mismatch of the equality for Example 6.2, for different n and k.

In Table 6.4 we show the history of the errors, for the Extended Block Krylov
space, in terms of the dimension of the space Sh, n

2.
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n2 k
∥∥u− urh

∥∥2
a

∥u− uh∥2a ∥X−Xk∥2A δn,k

26 3 1.8867e-01 1.8867e-01 1.5083e-06 -9.4369e-16
28 3 4.7462e-02 4.7462e-02 4.7613e-11 3.2058e-15
210 3 1.1885e-02 1.1885e-02 5.1414e-10 7.4107e-15
212 3 2.9724e-03 2.9724e-03 2.4011e-11 1.6229e-13
214 3 7.4328e-04 7.4328e-04 2.5645e-12 -5.7584e-13

Table 6.4: Term in 6.1 and mismatch of the equality for Example 6.1, for different n and k.

In the next table we show the history of the errors, for the Rational Block
Krylov space, in terms of the dimension of the space Sh, n

2.

n2 k
∥∥u− urh

∥∥2
a

∥u− uh∥2a ∥X−Xk∥2A δn,k

26 3 1.8868e-01 1.8867e-01 2.0028e-06 -1.9151e-15
28 3 4.7462e-02 4.7462e-02 5.1961e-09 -8.0699e-15
210 3 1.1885e-02 1.1885e-02 1.4452e-08 -5.1764e-15
212 3 2.9724e-03 2.9724e-03 1.8183e-09 1.7350e-13
214 3 7.4328e-04 7.4328e-04 1.6668e-10 -6.5870e-13

Table 6.5: Term in 6.1 and mismatch of the equality for Example 6.1, for different n and k.

For each space, with a few number of iterations, we obtain an algebraic error
which is under the discretization one. Hence, it is sufficient to solve a matrix
equation of small dimension.





Conclusions and perspectives

In this work we studied a finite element discretization of a two dimensional
Poisson problem, for a fixed space of elements, and we derived a matrix equa-
tion, in the form of a Lyapunov equation, related to the discretization. Then,
we introduced several properties of the Lyapunov equation, which help us have a
deeper knowledge of the structure of the equation. Then, we discussed different
methods to numerically solve the Lyapunov equation, in the small and the large
scale scenarios. For the large scale case, we focused on projection methods, which
give us a good intepretation of the numerical solution, and we analyzed the rate
of convergence of the method by taking different spaces of projection. Besides, we
generalized to the matrix case an elegant result stated in [24] about the norm of
the total error, which is due to the finite element discretization and the projection
method used to obtain a numerical solution. We also explained the importance of
this result, and we gave a second perspective of this, in term of two minimization
problems. We analyzed only the Poisson problem, while it is possible to extend the
study to different equations. Besides, in the work we only treat two dimensional
case of the equation, while it could be possible to extend the study for higher
dimensional cases.
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